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ABSTRACT. Thisintroductory paper presents amethod for the analysis of differential
equations with polynomial coefficients which also provides a further insight into the
Stokes Phenomenon. The method consists of a chain of steps based on the concept
of the Stokes Structure and Fourier-like transforms adjusted to this Stokes Structure.
Although the main object here is Bessel’s equation our approach can be extended to
more general matrix equations. It will be shown (i) how to derive the Stokes Struc-
ture directly from differential equations without any previous knowledge of Bessel or
hypergeometric functions, (ii) how to adjust Fourier transforms to the Stokes Struc-
ture, (iii) how to answer questions on the interrelation between formal and actual
solutions of Bessdl’s equation using Fourier Analysis, and finally (iv) how to evaluate
the coefficients of the Stokes Structure, thus providing a new insight into the Stokes
Phenomenon.

1. Introduction

In [4], [5] an approach for the study of a general class of matrix differential equations
with polynomial coefficients was presented. However, this study does not cover many equa-
tions which require special attention. One such case is the classical Bessel’s equation. It was
explained in [3] how to derive properties of solutions of Bessel’s equation from the Fourier-
dual hypergeometric equations. In particular, it was shown how the monodromic properties

of hypergeometric functions are transfered to solutions of Bessel’s equation as algebraic re-
lations.
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The Hankel functions H" (z) and H'” (z) of order v (or Bessel functions of the third
kind) are unique solutions of Bessel’s equation

1 2
(1.1) y"+;y’+<1—y—2)y=0

z

satisfying the Hankel inequalities (or expansions)

1/2
2 :
(1.2 HWY (2) = (—) e Evm/2=m N (1 4 o(1))
Tz
5 1/2
(1.3) HP (2) = (—) e~ Emvm 2=/ (1 4 o(1))
Tz

as z — +oo. They can be continued analytically as single-valued functions to the whole
Riemann surface of logz : 0 < |z| < 00, —00 < argz < +o0.
Thefunctions Py (z), P»(z) defined by

1/2
92 .
(1.4) HY(z) = (E) ¢l ve/2m/4) p ()
5 1/2
(1.5) H(2) = (E) e~ilz=vm/2=n/1) p, ()

are known as the phase amplitudes of the Hankel functions H | (2), H @ (z) respectively. It
follows that

(1.6) Pi(z) =14 o0(1), P2(2) =1+ 0(1)

as z — +oo. They can aso be extended as analytic single-valued functions to the whole
Riemann surface of log z. Moreover, they satisfy respectively thefollowing pair of differential
equations

.7 L1Pi(z) =0, LoPy(z) =0
with the pair of differential operators £, £, defined by
(1.8) L= 2"D?+2i2’D, — b
and

(1.9) Ly =2*D* —2i2’D, — b

whereb = 12 — 1/4 and D, & 4,
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On the other hand there exists a unique pair of factorially divergent power series
Zm

N o0 a . N o0 a .
(1.10) Pl(z):1+2;_;n,p2(z):1+z2_,
m=1 m=1

formally satisfying equations (1.7) respectively.
It isnatural to introduce the Fourier-dual operators £, £5t0 Ly, Lo

(1.11) Li¥e(E—20)DE+2(€—i)De—b
(1.12) L5¥ e (6+2) D2 —2(6+i) De— b
Whereng:efd%.

There exists a unique pair F (£), F» (§) of solutions of L1F, (&) = 0, LEF> () = 0
respectively, analytic at the singular point £ = 0. This pair is nothing but the pair of Gauss
hypergeometric functions

(1.13) F(6)=F (% —, % Yo, 1,§/2¢>
1 1 .
(1.14) Fy (f)zF(i—V,é%—y,l,—{/Qz) :

It is not difficult to check that the formal power series P,(z), P,(z) can be represented
respectively as formal Laplace transforms of the formal hypergeometric series

< (%—i_y)m(%_y)m m
(115 mz::() (20)™(1),,m! 3
S m(%—i_y)m(%_y)m m
(1.16) mzo(—l) oI ¢
where
(1.17) (@ Ealat1)...(a+m—1)= 0™

P(a)

while the phase amplitudes P; (=), P» (z) can be represented as classical Laplace transforms
of (1.13), (1.14) respectively, see [3]. In other words, these formal series and the phase am-
plitudes are generated in the same manner by different branches of the same hypergeometric
function.
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Moreover, using (1.4), (1.5) we obtain the following integral representations of Hankel
functions

2\ o +oo 1 1 £
(1) ad z(szwrf— ) —z& - - S
(1.18) H) (z) = ( > e\F 2" /0 e *F (2 vy +v,1, 2@,) d§

+o0
w)/ 0 ol CIE R
0 € 2 V72+V77 27/ 67

which, upon using the monodromic properties of hypergeometric functions, yield the follow-
ing monodromic relation, see [3]

e (e V) (Rl )= (0 1) (R

where 17, T are complex constants.

This relation suggests an algebraic structure for the phase amplitudes P, (z2), P, (z) on
the Riemann surface of logz, which will form the basis of our present investigation. The
principal ideaof thispaper isto apply Fourier transformsto thisalgebraic structure rather than
to the original differential equation. It should be noted in fact that our approach presented in
Sections 2, 6, 7, 8, 9, 10 to follow does not depend on the original differential equation.

-

2z vz
&)

™

2. The Stokes Structure &

DEFINITION A pair of functions Py (z) , P»(z)
(i) analytic on the Riemann surface of log = with at most exponential growth at z = oo in
every sector So 3 = {2 : —co < a < &gz < f < +oo}
(i) satisfying inequalities

(2.1) Pi(z)=140(1), 2z > 00, z € S.(1)
(2.2 Py(z) =140(1), 2 > 00, 2 € S.(2)
in the closed subsectors
(2.3 Se(1) € S(1) o {z:—m<agz<2m 0<|z] <o}
(2.4) S,(2) Cc S E{z:—2r<agz<m 0<|z| < oo}
(iii) satisfying the monodromic relation (1.20) with complex constants T, T, written as
(2.5) Py (2e*™) = Py(2) + T1 Py(2)e**

(2.6) Py(2e*™) = Py(2) + To Py (2e*™)e**
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are the elements of the Stokes Structure

(27) S = {Pi(2), Px(2)}.

3. From Differential Equation to &

This technique does not require any previous knowledge or properties of the solutions of
(1.2) nor of the hypergeometric functions.
DEFINITION Therays

(3.1 l={z: Re(iz) =0}

are called separationrays for (1.1).
Let uslook for solutions y, y» of (1.1)

5 1/2
(3.2 y1(2) = (E) ilzvm/2=m/4) Pi(z)
5 1/2
(33 y2(2) = (g) S 15
such that
(3.4) Pi(z) =1+0(1), P3(2) =1+ 0(1)

as z — oo adong aseparation ray [ on the Riemann surface of log z.
Intermsof P, (z), P»(z) thedifferential equations (1.7) together with conditions (3.4) can
be equivalently rewritten respectively as

b [ P(w) b [ ., Pi(w+2)
35 P(z)=1—-— dw + — w  LOT ) g
(35) 1(2) 27;/Z w U e ™
b oot Pg(’U)) b oot 9 P2(U)+Z)
3.6 Py(z) =1+ — dw — — iw 20T 2 g
(36) ) =15 | T 2ide ¢ (wrap ™

with co; = oo - ! 9L,

The integral equations (3.5), (3.6) can be analyzed using successive iterations to con-
struct the unique solutions Py (z) , P»(z) satisfying inequalities (3.4) respectively, see, for
example [2]. Further analysis of these integral equations for a specially chosen [ shows that
P (z), Py (z) formin fact the Stokes Structure &S defined above by (2.7).
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4. Formal and Actual Solutions

Choosing the separation ray argz = 0 as the paths of integration in (3.5), (3.6) respec-
tively to construct the solutions P;(z), P»(z) and using the uniqueness of this pair and that
of HV(2), H? (2) alsoyield

1/2
2 .
(4_1) HS,I)(Z) = y1(2) - (E) ez(z—wr/2—7r/4) Pl(z)
) 1/2
(42) Hg)(z) = yg(z) — (E) efi(szr/277r/4) PZ(Z)

which are identical to (1.4), (1.5). Thus the solutions of (3.5), (3.6) for this chosen separa-
tion ray are nothing but the phase amplitudes P, (z), P5(z) of the Hankel functions H 5 (2),
H'? () respectively.

Another pair of linearly independent solutionsof (1.1) is

5 1/2
(43) in(2) = (;) el B (z)

5 1/2
(44 (2) = (;) 2 (o)
where

; _ = (%"’"V)m(%_y)m 1
(45) PI(Z) - mz::o (Qi)m(l)m Z_m
~ B 00 B m(%-}-y)m(%—l/)mi

Formal substitution of these solutions into (1.1) yield, after canceling the exponentials,
power series in z~! with zero coefficients. However, the above power series are clearly
factorially divergent for any z if v isnot ahalf integer. Thus, these solutions can be regarded
as formal solutions as opposed to actual solutions.

Three natural questions arise immediately:

(1) how to relate the pair of formal solutions one to ancther,

(2) how to relate the pair of formal solutionsto actual solutions H'”(z), H? (2),

(3) how to decode properly the symbol o (1) in the expansions above.

Stokes (1857) was the first one to formulate and answer the first two questions for Airy’s

differential equation y” — zy = 0 related to Bessel’s equation for v = % To answer the third
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question, Poincaré (1886) considered formal solutions as asymptotic representations of actual
solutions. However, as discovered a century later, see [1], this approach is not satisfactory
sinceit does not answer question (1) altogether, only answers partially question (2), and does
not provide sufficient information about the remainder.

5. The Stokes Phenomenon

Using (4.1), (4.2) the monodromic relations (2.5), (2.6) can be rewritten in terms of
1V (z), H? (2) as

(5.1 HY (2¢*™) = —HY (2) +ie ™" T HP (2)

v v

(5.2 H® (2¢*™) = —H® (2) + i T, HY (26*™) .

These, in turn, yield extended Hankel expansionsvalid outside the sectorsin (2.3), (2.4).
All these Hankel expansions are of the form

(5.3 212 (A(v)e” + B(v)e ™).

Again, Stokes (1857) was the first to discover that the constants A (v) and B (v) are
discontinuousas arg » changes continuously when crossing the separation rays. The existence
of such discontinuities is called the Stokes Phenomenon and the corresponding values of
the jumpsin A (v), B (v) can be expressed in terms of connection coefficients 7, T, very
important in many applications. A modern insight into the Stokes Phenomenon can be found
in[1].

A fourth question then arises:

(4) how to evaluate the connection coefficients 77, 15.

Starting with the Stokes Structure we will present a technique that answers questions
(2)-(3). The culmination of our approach will be to answer question (4), obtaining explicit
expressions for the connection coefficients independently of any knowledge of the actual
solutions of the differential equation.

6. Fourier-Like Transforms Adjusted to &

Let P, (2), P» (%) beelementsof & with (unknown) T3, 75, initsmonodromic relations
(25),(26)and S. (1) C S (1), S.(2) C S(2) apair of closed subsectorswith angles greater
than 7.

Let
(6.1 H(z)=apz(14+0(1)), 2z —= o0
be analytic on the Riemann surface of log z, and
(6.2) C(l/z)=cy+ecrz+...

an entire function with complex ay # 0; ¢, ¢, .. ..
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We define the general Fourier-like transformsof P; (), j =1,2 as

(63) FOE o [ 006 P () defz = 1.2
T Jy()

with paths of integrationy (1), v (2) asboundariesof S. (1), S. (2) respectively, oriented so

that S. (j) aretotheright of v (7).

7. Main Result

THEOREM 1. Let P, (z), P, (z) bethe elements of the Stokes Structure &.
Then for each j = 1,2 inthe dual complex £ —plane

(i) thereexistsaray l; emanating fromthe origin such that F; (£) iscontinuousfor§ € 1,

and F; (£) can be continued analytically to some open sector containing theray 1 ;;

(ii) there exists a neighborhood of the origin such that F; (£) can be further continued
analytically to this neighborhood as a single-valued function;

(iii) moreover, F; (£) can be continued analytically to the whole {— plane aong every path
not crossing the point

2 i
(7.1) §o = o, = a_o (-1)’ .

8. From & to Formal Power Series

Consider the special cases of Fourier-like transforms (6.3) for H (z) = z, C'(2) = 1.
These are nothing but the Borel transforms of P;(2)

®.1) FO ¥

i e**P;(2)dz/z, j = 1,2.

211 Jy )

Their inversion formulae are nothing but the L aplace transforms of Fj(o) (&)
(82) P =2 [ e F0 (€ ds i =12
Dueto (i), (ii) of Theorem 1 the integrals (8.1) are absolutely convergent for £ € [; and

Fj(o) (€) can be represented by their Taylor series, which can be regarded as formal power

seriesin €
(8.3) FO ) €N flfek.

Substituting 71 (€) for F\” (€) in (8.2) and writing

(8.4) aj € kI
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yield
(8.5) 15].(°>(z)f£sz/ e [\ (€) de = Z“J’“ =12

J

The symbol fps means that (8.5) should be perceived on the level of formal power series.

9. Formal Seriesas Strong Expansions

Although for an element P; of the Stokes Structure (2.7)
9.1 lim  Pj(z) =1,

2—002E€Sc(7)

itisnot at all obviousthat the Stokes Structure guarantees the next limits
(9.2 lim  (Pj(2) —1)=.

z2—002€8¢(j)
However, the formal series

> a > a2,
(9.3) Z Zl,f Z 3
=0 =0
are Poincaré asymptotic expansions fo P (z), P»(z) insectors S (1), S (2) respectively.

Thismeansthat for any subsector S, (j) of (j))andforz € S, (j) thereexists My > 0 such
thatthefollowmgestlmatesarevalldforN: 1,2, ..

N—
>
ok
k=0

It should be noted, however, that these approximations are too rough to provide redl
information about the behavior of the remainders
N—-1
a
(95) Pi(2) =Y %
k=0

(9.4

since we don’t know how A dependson V.

In fact the formal series (9.3) are much better and more precise asymptotic expansions
for P; (z) than the Poincaré expansions.

THEOREM 2. For any subsector S.. (j) of S (j) and for z € S, (j) there existsa > 0
depending only on S.. (j) such that the following estimates are valid for N = 1,2, . ..

N-1

Qjk Ma N!

(9.6) Pi(2) =) | < P
k=0

These expansions are known as strong asymptotic expansions, see [7], [6]. In contrast to
Poincaré expansions they have the following uniqueness property:
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WATSON’S THEOREM. Watson's Theorem If P, (z), P, (z) are analytic functionsin
asector S with itsangle not lessthan, and " ° | % istheir strong asymptotic expansionin
S,then P, (2) = P ()

The inequalities (9.6) answer our question (3).

10. Power Series Representation of F} (€)

Now that we have 7 ) %4 it is natural to formally substitute these for P; (z) into the
general Fourier-like transforms (6.3) to yield the formal Fourier-like transforms

2

(10.1) ot / o) 50 (2) dz /2
v

resulting in the power seriesin £

o0 o0 k
(10.2) Fj(€) = Z fingt = Z{ksk (Z aj,mckm>
k=0 k=0 m=0

with

(10.3) Sp = i/ O g k=01,
27 () Zk+1

and

(10.4) () =7 (j) &L

THEOREM 3. The power series Fj (&) are absolutely convergent and thus represent the
analytic functions

9] k
(10.5) 15] (&) = Z{fk (Sk ( aj,kam))

k=0

inside the circle of radius 2 with its center at ¢ = 0. Moreover, if ¢ € I; and [¢] < ﬁ then

|ao

(10.6) F; (§) = F; (§).

Thus, the Fourier-like transforms £ (£) can be represented both by the integral transforms
(6.3) and by the convergent Taylor series (10.5) for £ € [, |£] < |&|, where [; and &, are
defined in Theorem 1 (i) and (iii), (7.1) respectively.
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11. Evaluation of Borel Transforms

Now let usreturnto Bessel's equation (1.1) and remember that theelements P; (z2) , P» (2)
of the Stokes Structure (2.7) are the phase amplitudes of the Hankel functions g (2),
7Y (z).

It follows from Theorem 2 that in particular the formal series (9.3) are Poincaré asymp-
totic expansionsof P; (z), P» (z). Onthe other hand, one can derive from integral equations
(3.5), (3.6) that the formal power series (4.5), (4.6) are also Poincaré asymptotic expansions
of P, (z), P,(z). It should be noted, however, that it is a hard problem to derive from in-
tegral equations (3.5), (3.6) that the formal power series (4.5), (4.6) are strong asymptotic
expansionsfor P, (2), P, (2).

The uniqueness property of Poincaré asymptotic expansionsyields

(5 + k(3 — V)

(11.2) ayy = i) (s

B (5 + V)5 — V)
(11.2) a2k = (_l)k (20)% (1),
that is
(11.3) P (2) = ]5j(0) (2)

and the left-, right-hand sides of (11.3) are defined by (8.5) and by (4.5), (4.6) respectively.

It is worth noting that (11.3) is in fact the converse of an important principle that was
named in [3] as the Principle of Functional Closure If a formal series satisfying a differen-
tial-difference-algebraic relation can be summed to an analytic function in a region of the
complex plane, then this function satisfies exactly the same relation in this region.

It followsfrom (8.4) and (8.3) that

. (1 1 3
11.4 O ey=F (= U1+
(114 D@ =F(5+ng-niel)
where (% + v, % -1,1, 12%) are power series expansions in £ of Gauss' hypergeometric
function
F (34wt —v1,£5), respectively.

12. Interrelation between Solutions

It follows from (11.4) and (8.1) that the Borel transforms of the phase amplitudes of the
Hankel functions are in fact the hypergeometric functions, while the formal Borel transforms
of the formal power series are the corresponding (formal) hypergeometric series.
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The following relations are valid

(12.1) F (% + l/,% -, 1, 2%) = QLm /7(1) e Py (2)dz/z
(12.2) F (% + v, % -1, _27) = 2%/ e Py (2) dz/z
(12.3) ja (% + y,% — 1, 22) « 23” /7 e Py (2) dz/z
(12.4) F (% + v, % -1, 1, —%) o % [m) e Py (2) dz/ .
The representations (12.1)-(12.4) together with their respective inversion formulae
(12.5) P (2) = z/ooo e *F (% + v, % -1,1, %) dg
(12.6) Py(2) = 2/000 e *F (% + v, % -1, 1, —%) dg
(12.7) P (2) o z/ooo e HF (% + v, % -1, 2%) dé
(12.8) P2 ¥ z/ooo A (% + u,% — 1, —2%) d¢

reveal the following one-to-one correspondences (denoted by the symbol «) below
[A’](z) Hﬁj(g) EF(%—FV,%—V,I,:E%) —

12.9
(129) S FG+vi-—11,£5) < Pi(2).

These interrelations show that both formal series P, (z), P, (z) and actual functions P, (z),
P, (z) , are generated in the same manner by different branches of the same hypergeometric

function, thus answering questions (1) and (2).
REMARK

Formulae (12.5), (12.6) together with (4.1), (4.2) yield again the integral representations
(1.18), (1.19) for Hankel Functions. It is curious that we could not find these representa-
tions, the most principal in our context, in the classical literature on Bessel functions. In the

literature, the Hankel expansions are commonly derived from the representations

w3124

(12.10) HO (2= & (z=1) () / (1)
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(12.11) H® () = & (5-v)(5) / e (1) ay

w3/24

with~,, o simpleloops bypassingt = +1 but not enclosingt = F1, respectively, |arg z| <
5, andv %,%,....
These are derived by reducing Bessel’s equation to

(12.12) 2w + 2+ 1) w' + zw =0

for the variable w = z~"y, and then applying the Laplace transform to this special equa-
tion with linear coefficients. Unfortunately, this approach is generally not possible for other
differential equations.

13. The Connection Coefficients

Consider the Fourier-like transforms Fy (§), Fy (§) of P (z), P2 (z) defined by (6.3)
with

b 1
(13.1) H(z) = 2iz, C(z):—g, b=1"— .
def b 2i§z1 .
(13.2) F; (&) =—= e =Pj(2)dz/z, j =1,2.
20 Jy(j) z

THEOREM 4. Let P, (), P, (z) be the phase amplitudes of H") (), H,® (z) with
Fourier-like transforms Fy (§) , F» (§) defined by (13.2). Then
(i) the only finite singular point of both analytic functions Fy (§) , —F» (—=£) is§ =1
(ii) the limiting values of F, (§), —F, (=) at & = 1 exist and are equal to connection

coefficients
(13.3) limFy (§) =Th, lim (—F, (=€) = T3
E—1 E—1
(iii)
j b (—l)j’12iz1 ;
(13.4) T, = (1) — e ~Pj(z)dz/z, j = 1,2
2i () <

where v* (j) are obtained by rotating ~ (j) into positions where functions (1’2
are decreasing for z € v* (), j = 1, 2 respectively.

(iv) Moreover, let f; . be coefficients of power series in (10.2) for H (z) and C (z) given
by (13.1). Then

(135) = lim (kz fl,k§k>
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(13.6) T, = lim (i(—l)k“ fQ,k§k>.

It follows from Theorems 1 and 2 that for || < 1

o 1_ 1y
Fi(¢) = —2mbi o Jlr o € V)";n(ﬁ ar &
m=0 : :
(13.7)
_ o (D G)n G
F2 ({) - QWbZn;) (m + 1)' m! g
hence
(13.9) Fy () = —Fy (—€) = —2ribF (% o, % +o, 2,5) |
Substituting £ = 1 yields
(13.9) T; = —27biF (% — v, % + 1,2, 1) L j=1,2

which, using Gauss' formula, reduces to
—2mbi

13.10 T = ) =1,2
( ) ] F(l—f—%—i—V)F(l—f—%—V),j )y <y
and finally

(13.11) T; =2icosmv, j =1,2.

It isworth noting that generally it isimpossible to express T'; in terms of known fuctions.

Their integral representation should be used to eval uate them asymptotically for extremal
values of parameters of the differential equation.

Their Taylor series representation should be used for their numerical evaluation.

14. Conclusions

We have shown that the Stokes Structure S is of fundamental importance. Starting with
Bessel’s equation (1.1) we derived & and introduced and studied Fourier-like transforms
adjusted to &. These yielded formal power series that are in fact formal solutions of (1.7).
Furthermore, as shown by (12.9) the phase amplitudes and their respective formal series are
generated in the same manner by different branches of the same hypergeometric function.
These provide the basis for a systematic chain of steps to answer questions (1), (2), (3), (4)
above, and an approach which can be extended to matrix equations with many applications.
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