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Abstract

Given a quadratic form on a vector space, the geometric algebra of
the corresponding pseudo-euclidean space is defined in terms of a sim-
ple set of rules which characterizes the geometric product of vectors.
We develop geometric algebra in such a way that it augments, but re-
mains fully compatible with, the more traditional tools of matrix alge-
bra. Indeed, matrix multiplication arises naturally from the geometric
multiplication of vectors by introducing a spectral basis of mutually
annihiliating idempotents in the geometric algebra. With the help of
a few more algebraic identities, and given the proper geometric inter-
pretation, the geometric algebra can be applied to the study of affine,
projective, conformal and other geometries. The advantage of geometric
algebra is that it provides a single algebraic framework with a compre-
hensive, but flexible, geometric interpretation. For example, the affine
plane of rays is obtained from the euclidean plane of points by adding
a single anti-commuting vector to the underlying vector space. The key
to the study of noneuclidean geometries is the definition of the oper-
ations of meet and join, in terms of which incidence relationships are
expressed. The horosphere provides a homogeneous model of euclidean
space, and is obtained by adding a second anti-commuting vector to the
underlying vector space of the affine plane. Linear orthogonal trans-
formations on the higher dimensional vector space correspond to con-
formal or Mobius transformations on the horosphere. The horosphere
was first constructed by F.A. Wachter (1792-1817), but has only re-
cently attracted attention by offering a host of new computational tools
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in projective and hyperbolic geometries when formulated in terms of
geometric algebra.

Keywords: affine geometry, Clifford algebra, conformal geometry, conformal group,
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1. Geometric algebra

A Geometric algebra is generated by taking linear combinations of
geometric products of vectors in a vector space taken together with a
specified bilinear form. Here we shall study the geometric algebras of
the pseudo-euclidean vector spaces G, 4 := ng(]Rp’q) for which we have
the indefinite metric

P Ptq
x'yzzl’iyi— Z TjYj
i=1 j=p+1
for x = (331 :Up+q) and y = (y1 yp+q) in IRP1. We first

study the geometric algebra of the more familiar Euclidean space.

1.1 Geometric algebra of Euclidean n-space

We begin by introducing the geometric algebra G, := G(IR™) of the
familiar Euclidean n-space

R"={z|x= (1 --- ) for z; € R}.

Recall the dual interpretations of each element x € IR™, both as a point
of IR™ with the coordinates (a:l e xn) and as the position vector or
directed line segment from the origin to the point. We can thus express
each vector x € IR" as a linear combination of the standard orthonormal
basis vectors {e1,es, - ,e,} where e; = (0 o0 1, 0 - 0),

namely
n
Tr = E ZTi€;.
i=1

The vectors of IR™ are added and multiplied by scalars in the usual
way, and the positive definite inner product of the vectors = and y =

(yl yn) is given by

n
x'yzzmiyi' (1)
i=1
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The geometric algebra G, is generated by the geometric multiplication
and addition of vectors in IR™. In order to efficiently introduce the geo-
metric product of vectors, we note that the resulting geometric algebra
Gy, is isomorphic to an appropriate matrix algebra under addition and
geometric multiplication. Thus, like matrix algebra, G,, is an associative,
but non-commutative algebra, but unlike matrix algebra the elements of
G, are assigned a comprehensive geometric interpretation. The two fun-
damental rules governing geometric multiplication and its interpretation
are:

m  For each vector x € IR",
n
2 =gr=|z* = me (2)
i=1

where |z| is the usual Euclidean norm of the vector x.

m Ifay,a9,...,a; € IR™ are k mutually orthogonal vectors, then the
product

Ak =aiay...a (3)

is totally antisymmetric and has the geometric interpretation of a
simple k-vector or a directed k-plane .*

Let us explore some of the many consequences of these two basic rules.
Applying the first rule (2) to the sum a + b of the vectors a,b € IR?, we
get

(a+b)? = a® + ab + ba + b%,

or

1
a-b:= §(ab+ ba) = ~(la +b* —|a® — |b?)

1
2
which is a statement of the famous law of cosines . In the special case
when the vectors a and b are orthogonal, and therefore anticommutative
by the second rule (3), we have ab = —ba and a - b = 0.

If we multiply the orthonormal basis vectors e := ejeq, we get the 2-
vector or bivector e, pictured as the directed plane segment in Figure 1.
Note that the orientation of the bivector eqs is counterclockwise, and
that the bivector ey := eqe; = —ejeg = —eqs has the opposite or
clockwise orientation.

1This means that the product changes its sign under the interchange of any two of the
orthogonal vectors in its argument.
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Figure 1. The directed plane segment e12 = ejea.

We can now write down an orthonormal basis for the geometric alge-
bra G,, generated by the orthonormal basis vectors {e;| 1 <i < n}. In
terms of the modified cartesian-like product, x7_,(1,e;) :=

{1, €ly...,€Ep,€12,... ,e(n_l)m Ceegeen ,61...(n_1), vy €2, elmn}.

(26 () ()--

linearly independent elements in the standard orthonormal basis of G,.
Any multivector or geometric number g € G, can be expressed as a sum
of its homogeneous k-vector parts,

There are

where gy, :=< g >p= >, 0y€; Where 0 = 01 -0 for 1 <oy < --- <
or < n, and a, € IR. The real part gy :=< g >9= apeg = g of the
geometric number ¢ is just a real number, since eq := 1. By definition,
any k-vector can be written as a linear combination of simple k-vectors
or k-blades , [8, p.4].

Given two vectors a,b € IR™, we can decompose the vector a into
components parallel and perpendicular to b, a = a + a, where

AL AT
aj = ( b)|b|2 (a-b)b—",

and a) := a — a||, see Figure 2.
With the help of (3), we now calculate the geometric product of the
vectors a and b, getting

ab=(a+ayr)b=ay -b+aiNb= %(ab—i—ba) + %(ab— ba)  (4)
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= (a-b)b7 L.

a

Figure 2. Decomposition of a into parallel and perpendicular parts.

a

a

Figure 3. The bivectors aAb and bAa.

where the outer product anb := Z(ab —ba) = a b = —ba; = —bAa
is the bivector shown in Figure 3. The basic formula (4) shows that
the geometric product ab is the sum of a scalar and a bivector part
which characterizes the relative directions of a and b. If we make the
assumption that a and b lie in the plane of the bivector eq9, then we can
write

ab = |a||b|(cos ¢ + I'sin @) = |a||ble?, (5)

where I := e19 = e1es has the familiar property that
I? = e1ege1e9 = —eqe9e96] = —e%e% = —1.

Equation (5) is the Euler formula for the geometric multiplication of
vectors.

The definition of the inner product a - b and outer product aAb can
be easily extended to a- B, and aAB,, respectively, where » > 0 denotes
the grade of the r-vector B,.:

DEFINITION 1 The inner product or contraction a- B, of a vector a with
an r-vector B, is determined by

1
@By =5(aB, + (=) Bya) = (-1)"' B, -a.

DEFINITION 2 The outer product aAB, of a vector a with an r-vector
B, is determined by

1
aAB, = (B, — (~1)" " Bua) = —(~1) "' Byna.



Note that a- 8 = 8-a = 0 and aAG = [BAa = Pa for the scalar
G € IR. Indeed, we will soon show that a - B, =< aB, >,_1 and
aAB, =< aB;, >,41 for all » > 1; we have already seen that this is true
when r = 1. There are different conventions regarding the use of the dot
product and contraction [5, p. 35].

One of the most basic geometric algebras is the geometric algebra
Gs of 3 dimensional Euclidean space which we live in. The complete
standard orthonormal basis of this geometric algebra is

3
g3 = Xi:1(17ei) = Span{l,61,62,637612,613,623,6123}.

Any geometric number g € G3 has the form ¢ = a 4+ vy + tvo + B¢ where
i := e123. Notice that we have expressed the bivector part of g as the
dual of the vector ve. Thus the geometric number g = (a+1i3)+ (v1+iva)
can be expressed as the sum of its complex scalar part (o + i) and a
complex vector part (v1 + ivy). Note that the complex scalar part has
all the properties of an ordinary complex number z = = + iy. This
follows easily from the fact that the pseudoscalar i = ej93 satisfies i2 =
€123€123 = €23€23 = —1.
We can use the Euler form (5) to see that

a=ab'b) = (ab"")b= ()b,

so the geometric quantity ab/|b|?> rotates and dilates the vector b into
the vector a when multiplied by b on the left. Similarly, multiplying b on
right by 2—3 also rotates and dilates the vector b into the vector a. By re-
expressing this result in terms of the Euler angle ¢, letting I = ie3, and
assuming that |a| = [b|, we can write a = exp(iesp)b = bexp(—iezyp).
Even more powerfully, and more generally, we can write

a = exp(lp/2)bexp(—Ip/2),

which expresses the %-angle formula for rotating the vector b € IR™ in
the plane of the simple bivector I through the angle ¢. There are many
more formulas for expressing reflexions and rotations in IR™, or in the
pseudo-euclidean spaces IRP?, [8], [10].

1.2 Basic algebraic identities

One of the most difficult aspects of learning geometric algebra is com-
ing to terms with a host of unfamiliar algebraic identities. These im-
portant identities can be quickly mastered if they are established in a
careful systematic way. The most important of these identities follows
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easily from the following two trivial algebraic identities involving the
vectors a and b and an r-blade B, where r» > 0:

abB, 4+ bB,a = (ab + ba) B, — b(aB, — Ba), (6)

and
baB, — aB,b = (ba + ab) B, — a(bB, + B.,b). (7)

Whereas these identities are valid for general r-vectors, we state them
here only for a simple r-vector B,., the more general case following by
linear superposition.

In proving the identities below, we use the fact that

bB, =< bB, >,_1 + < bB, >,41 . (8)

This is easily seen to be true if B, is an r-blade, in which case B, =
b1 - - - b, for r orthogonal, and therefore anticommuting, vectors by, ..., b,.
We then simply decompose the vector b = b)+ b, into parts parallel and
perpendicular to the subspace of IR" spanned by the vectors by, ..., b,
and use the anticommutivity of the b’s to show that b- B, = bHBr =
< bHBT >,_1 and bAB, = b, B, =< b; B, >,41. This also shows the
useful result that b- B, and bAB, are blades whenever B, is a blade.
The following basic identity relates the inner and outer products:

a-(bABy) = (a-b)B, —bA(a- B,), 9)

forallr > 0. If r = 0, (9) follows from what has already been established.
If » > 2 and even, (6) and definition (2) implies that

2a - (bB;) =2(a-b)B, — 2b(a - By).

Taking the r-vector part of this equation gives (9). If » > 1 and odd,
(7) implies that

2b- (aBy) =2(a-b)B, —2a(b- B,)

which implies (9) by again taking the r-vector part of this equation
and simplifying. By iterating (9), we get the important identity for
contraction

a- (A= Aby) =Y (=1)F(a b)) byA---i-- Aby.
=1

Let I = eq9.., be the unit pseudoscalar element of the geometric
algebra G, , = G (IRP-1). We give here a number of important identities
relating the inner and outer products which will be used later in the
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contexts of projective geometry. For an r-blade A,, the (p +q — 7)-
blade A¥ := A,I7! is called the dual of A, in Gpq with respect to the
pseudoscalar I. Note that it follows that I* = [I~' =1 and 1* = I~L.
For r + s < p + ¢, we have the important identity

(A, AB)* = (A AB) I = A, (BJI V) = A, - B = (—1)*PHa=9) 4* . B,
(10)

1.3 Geometric algebras of psuedoeuclidean
spaces

All of the algebraic identities discussed for the geometric algebra G,
hold in the geometric algebra with indefinite signature G, ,. However,
some care must be taken with respect to the existence of non-zero null
vectors . A non-zero vector n € IRP? is said to be a null vector if
n? = n-n = 0. The inverse of a non-null vector v is v™! = -5, 80 clearly a
null vector has no inverse. The spacetime algebra G 3 of IR'3, also called
the Dirac algebra, has many applications in the study of the Lorentz
transformations used in the special theory of relativity. Whereas non-
zero null vectors do not exist in IR", there are many non-zero geometric
numbers g € G, which are null. For example, let g = e + e19 € G3, then

¢’ = (e1 +e12)(e1 + €12) :e%—l—e%Q =1-1=0.

Let us consider in more detail the spacetime algebra Gy 3 of R'3. The
standard orthonormal basis of IR%3 are the vectors {e1, 2, €3, €4}, where
e? = e2 = e2 = —1 = —e2. The standard basis of the bivectors 9%73 of
G1 3 are ey, €24, €34, 1€14, 1€24, €34, Where i = €234 is the pseudoscalar of
G1 3. Note that the first 3 of these bivectors have square 41, where as the
duals of these basis bivectors have square —1. Indeed, the subalgebra of
G13 generated by E = eq1, Fy = eq2, F3 = ey3 is algebraically isomor-
phic to the geometric algebra Gs of space. This key relationship makes
possible the efficient expression of electromagnetism and the theory of
special relativity in one and the same formalisms.

An important class of pseudo-euclidean spaces consists of those that
have neutral signature, Gpn, = Gpn(IR™"). The simplest such algebra
is G1 1 with the standard basis {1, e, ez, e12}, where e? =1 = —e2 and
e, = 1. We shall shortly see that Gy is the basic building block for
extending the applications of geometric algebra to affine and projective
and other non-euclidean geometries, and for exploring the structure of
geometric algebras in terms of matrices.
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1.4 Spectral basis and matrices of geometric
algebras

Until now we have only discussed the standard basis of a geometric
algebra G. The standard basis is very useful for presenting the basic rules
of the algebra and its geometric interpretation as a graded algebra of
multivectors of different grades, a k-blade characterizing the direction of
a k-dimensional subspace. There is another basis for a geometric algebra,
called a spectral basis , that is very useful for relating the structure of
a geometric algebra to corresponding isomorphic matrix algebras [15].
Another term that has been applied is spinor basis , but I prefer the
term “spectral basis” because of its deep roots in linear algebra [17].

The key to constructing a spectral basis for any geometric algebra G
is to pick out any two elements u,v € G such that u? = 1, v~! exists,
and wv = —vu # 0. We then define the idempotents uy = 3(1 +u) and

u_ = (1 —u) in G, and note that
ui —wuy,u? =u_,uyu_ =u_u; =0, and uy +u_ = 1.

We say that uy are mutually annihiliating idempotents which partition
1. Also vuy = u_v, from which it follows that v~ lu, =u_v~!.

Using these simple algebraic properties, we can now factor out a 2 x 2
matrix algebra from G. Adopting matrix notation, first note that

(1 o)us <UL> — (us vuy) <UL> e tul =1,

For any element g € G, we have

g=(1 v)us <U£1> g(1 v)uy (;1)

0 ey ) e () (1)

The expression [g] 1= uy < uy is called the matriz de-

vl vl
composition of g with respect to the elements {u,v} C G. To see that
the mapping g — [g] gives a matriz isomorphism, in the sense that
[g+ h] = [g] + [h] and [gh] = [g][h] for all g,h € G, it is obvious that we
only need to check the multiplicative property. We find that

_ g qgu h hv
[g][h] = uyt <v_1g v—lgv> U4 <v_1h v_lhv> U
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gush+ gouyvth gushv + gous v tho
= Ut |, h -1 —1p -1 h -1 -1 U+
quih + v~ " gougv vgurhv + v guugvT e

= U4 <’U;91}‘Lgh U_gl}‘LgUhU> Uy = [gh]

To fully understand the nature of this matrix isomorphism, we need
to know about the nature of the entries of [g] in (11). We will analyse
the special case where v? € IR, although the relationship is valid for
more general v. In this case, the entries of [g] can be decomposed in
terms of conjugations with respect to the elements v and v. Let a € G
for which a=! exists. The a-conjugate g* of the element g € G is defined
by 3¢ = aga™".

We shall use u- and v-conjugates to decompose any element g into the
form

g = G1+uGy +v(Gz + uGy) (12)

where G; € Cg({u,v}), the subalgebra of all elements of G which com-
mute with the subalgebra generated by {u,v}. It follows that G =
Cg({u,v}) @ {u,v} or G = My(Cg({u,v})). This means that G is iso-
morphic to a 2 x 2 matrix algebra over Cg({u,v}).
We first decompose g into the form
-1

1 . v _
g= §(g+g“) +v[7(g -7 =1 +vg

where g1, g2 € Cg(u), the geometric subalgebra of G of all elements which
commute with the element u. By further decomposing g; and g» with
respect to the v-conjugate, we obtain the decomposition

g = G1+uGa +v(G3 + uGy)
where each G; € Cg({u,v}). Specifically, we have

1 1
Gr =5 (1 +37) = 7 (9 +ugu +vgv™" + vuguv™?)
u u
Gy = 5(91 -7 = Z(g + ugu — vgv—l — vuguu—l)
1 —v vt -1 -1
Gs = 5(92 +75) = e (9 — ugu +vgv~" —vuguv™ ")

-1

u _ uv _ _
Gy = 5(92 —G3) = 4 (9 — ugu — vgv™" + vuguv™).

Using the decomposition (12) of g, we find the 2 x 2 matrix decom-
position (11) of g over the module Cg({u,v}),

— g gu _ G1+ Gy v*(Gs—Gy)
9] += s (v_lg v_lgv> Ut = Us <G3 +Gy Gy — Gy (13)
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where G; € Cg({u,v}) for 1 <i < 4.

For example, for ¢ € Gz and v = e, v = ejn = —v !, we write
g = (21 + uz2) + v(z3 + uz4), where z; = x; + dy; for i = eq23 and
1 < j < 4. Noting that u4u = wuy = Fuq and urv = vug, and
substituting this complex form of g into the above equation gives

g gu 1
g=(1 v)uy <v_1g U—lgv> Uy <v_1>
. 21+ 20 24— 23 1
= (1 v)uy <Z4 +23 21— 22> (v_1> ’

9] = us <Z1+Z2 24—Z3>

We say that

24+ 23 21— 29

is the matrix decomposition of g € Gg over the complex numbers, €' =
{z + iy} where i = ej93. It follows that

Gz = My(C).

There are many decompositions of Clifford geometric algebras into
isomorphic matrix algebras. As shown in the example above, a matrix
decomposition of geometric algebra is equivalent to selecting a spectral
basis, in this case

(o) o= "),

as opposed to the standard basis for the algebra. The relative position
of the elements in the spectral basis, written as a matrix above, gives
the isomorphism between the geometric algebra and the matrix algebra.

There is a matrix decomposition of the geometric algebra G,414+1
that is very useful. For this decomposition we let u = e,1€p4q42, SO
that the bivector u has the property that u? = 1, and let v = ep+1. We
then have the idempotents uy = %(1 + u), satisfying vus = usv, and
giving the decomposition

Opt1g+1 = 911 @ Gpg = M2(Gpq) (14)
for Gi1 = gen{ept1, eprqra} and Gy o= gen{er, ..., ep, €pt2, .., €ptrqi1}-
2. Projective Geometries

Leonardo da Vinci (1452-1519) was one of the first to consider the
problems of projective geometry. However, projective geometry was not
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formally developed until the work “Traité des propriés projectives des
figure” of the French mathematician Poncelet (1788-1867), published in
1822. The extrordinary generality and simplicity of projective geometry
led the English mathematician Cayley to exclaim: “Projective Geometry
is all of geometry” [18].

The projective plane is almost identical to the Euclidean plane, ex-
cept for the addition of ideal points and an ideal line at infinity. It seems
natural, therefore, that in the study of analytic projective geometry the
coordinate systems of Euclidean plane geometry should be almost suf-
ficient. It is also required that these ideal objects at infinity should be
indistinquishable from their corresponding ordinary objects, in this case
ordinary points and ordinary lines. The solution to this problem is the
introduction of “homogeneous coordinates”, [6, p. 71]. The introduc-
tion of the tools of homogeneous coordinates is accomplished in a very
efficient way using geometric algebra [9]. While the definition of geomet-
ric algebra does indeed involve a metric, that fact in no way prevents
it from being used as a powerful tool to solve the metric-free results
of projective geometry. Indeed, once the objects of projective geometry
are identified with the corresponding objects of linear algebra, the whole
of the machinery of geometric algebra applied to linear algebra can be
carried over to projective geometry.

Let IR™™! be an (n + 1)-dimensional euclidean space and let G, 1
be the corresponding geometric algebra. The directions or rays of non-
zero vectors in IR™*! are identified with the points of the n-dimensional
projective plane II". More precisely, we write

" = k"' /R*

where IR* = IR — {0}. We thus identify points, lines, planes, and higher
dimensional k-planes in 11" with 1, 2, 3, and (k + 1)-dimensional sub-
spaces S¥t1 of IR™1, where k < n. To effectively apply the tools of
geometric algebra, we need to introduce the basic operations of meet
and join.

2.1 The Meet and Join Operations

The meet and join operations of projective geometry are most easily
defined in terms of the intersection and wunion of the linear subspaces
which name the objects in II". Each r-dimensional subspace A" is de-
scribed by a non-zero r-blade A, € G(IR™"!). We say that an r-blade
A, # 0 represents, or is a representant of an r-subspace A" of IR"t! if
and only if

A" ={x € R"™| 2AA, =0}. (15)
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The equivalence class of all nonzero r-blades A, € G(IR™"!) which define
the subspace A" is denoted by

(A }ray = {tA, |t € R, t #0}. (16)

Evidently, every r-blade in {A,},4, is a representant of the subspace
A”. With these definitions, the problem of finding the meet and join is
reduced to the problem of finding the corresponding meet and join of
the (r 4+ 1)- and (s + 1)-blades in the geometric algebra G(IR™!) which
represent these subspaces.

Let A, Bs and C; be non-zero blades representing the three subspaces
A", B® and C!, respectively. Following [15], we say that

DEFINITION 3 The t-blade Cy = A, N By is the meet of A, and By
if there exists a complementary (r — t)-blade A. and a complementary
(s — t)-blade B, with the property that A, = ANCy, Bs = CiAB., and
ANB, # 0.

It is important to note that the t-blade Cy € {Ci},qy is not unique
and is defined only up to a non-zero scalar factor, which we choose at
our own convenience. The existence of the t-blade C; (and the corre-
sponding complementary blades A, and B,) is an expression of the basic
relationships that exists between linear subspaces.

DEFINITION 4 The (r + s —t)-blade D = A, U Bg, called the join of A,
and By is defined by D = A, U Bs = A.N\B..

Alternatively, since the join A, U By is defined only up to a non-zero
scalar factor, we could equally well define D by D = A.ABs. We use the
symbols N intersection and U union from set theory to mark this unusual
state of affairs. The problem of “meet” and “join” has thus been solved
by finding the direct sum and intersection of linear subspaces and their
(r 4+ s —t)-blade and t-blade representants.

Note that it is only in the special case when A, N B; = 0 that the join
can be considered to reduce to the outer product. That is

A,NBs=0 & A,UB;=A.AB;.

In any case, once the join J := A, U B has been found, it can be used
to find the meet

ArNBs = Ar - [Bs - J] = [JJA] - [Bs - J] = [(Ar - J)N(Bs - J)] - ] (17)

In the case that J = I~!, we can express this last relationship in terms
of the operation of duality defined in (10), A, N Bs = (A;AB})* =
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(ArUB;)* which is DeMorgan’s formula. It must always be remembered
that the “equalities” in these formulas only mean “up to a non-zero real
number”. While the positive definite metric of IR"*! is irrelevant to the
definition of the meet and join of subspaces, the formula (17) holds only
in R™L.

A slightly modified version of this formula will hold in any non-
degenerate pseudo-euclidean space IRP'? and its corresponding geometric
algebra G, , := G(IRPY), where p+ q = n+ 1. In this case, after we have
found the join J = A, U B,, we first find any blade J of the same step
which satisfies the property that J-J = 1. The blade J is called a
reciprocal blade of the blade J in the geometric algebra G, ,. The meet
A, N Bs may then be defined by

A, NBy = Ay [By - T) = (A T)-J]-[Bs - T] = {[(Ar - T)A(Bs- D]} J (18)

The meet and join operations formulated in geometric algebra can
be used to efficiently prove the many famous theorems of projective
geometry [9]. See also Geometric-Affine-Projective Computing at the
website [12].

2.2 Incidence, Projectivity and Colineation

Let J € g,’;;;l be a (k+1)-blade representing a projective k-dimensional
subplane in II" where £ < n. A point (ray) x € II" is said to be incident
to J if and only if zAJ = 0. Since J is a (k 4 1)-blade, we can find
vectors ai,...,ar+1 € IRPY such that J = a1A--- Aagy1. Projectively
speaking, this means we can find k + 1 non-co(k — 1)planar points a; in
the k-projective plane J.

Now let J be a reciprocal blade to J with the property that J-.J = 1.
With the help of J, we can define a determinant function or bracket
[---]7 on the projective k-plane J. Let by,...,by41 be (k + 1) points
incident to J,

b1, bgaly == (B1A -~ Abgr) - T (19)

The bracket [by,- -, byy1]7 # 0 iff the points b; are not co-(k — 1)planar.

We now give the definitions necessary to complete the translation
of real projective geometry into the language of multilinear algebra as
formulated in geometric algebra.

DEFINITION 5 A central perspectivity is a transformation of the points
of a line onto the points of a line for which each pair of corresponding
points is collinear with a fized point called the center of perspectivity.
See Figure 4.
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The key idea in the analytic expression of projective geometry in ge-
ometric algebra is that to each projectivity in II™ there corresponds
a non-singular linear transformation? 7' : IRPY — IRP4. Tt is clear
that each projectivity of points on II"” induces a corresponding projec-
tive collineation of lines, of planes, and higher dimensional projective
k-planes. The corresponding extension of the linear transformation T
from IRP? to the whole geometric algebra G, , which accomplishes this
is called the outermorphism T : G, , — Gp 4, which is defined in terms
of T' by the properties:

T(1) =1, T(z)=T(z), T(x1A---Azxp):=T(x1)A\---NT(zx) (20)

for each 2 < k < p+ ¢, and then extended linearly to all elements of
Gp,q- Outermorphisms in geometric algebra, first studied in [16], provide
the backbone for the application of geometric algebra to linear algebra.
Since in everything that follows we will be using the outermorphism T
defined by T, we will drop the boldface notation and simply use the
same symbol T for both the linear transformation and its extension to
an outermorphism T.

Figure 4. A central perspectivity from the point o.

2Unique up to a non-zero scalar factor.
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DEFINITION 6 A projective transformation or projectivity is a transfor-
mation of points of a line onto the points of a line which may be expressed
as a finite product of central perspectivities.

We can now easily prove

THEOREM 1 There is a one-one correspondence between non-singular
outermorphisms T' : G, o — Gy 4, and projective collineations on II"
taking n + 1 non-co(n — 1)planar points in II™ into n + 1 non-co(n-
1)planar points in TI™.

Proof: Let aq,...,an4+1 € II" be n+1 non-co(n-1)planar points. Since
they are non-co(n-1)planar, it follows that ajA--- Aap+1 # 0. Suppose
that b; = T'(a;) is a projective transformation between these points for
1 < ¢ < n+1. The corresponding non-singular outermorphism is de-
fined by considering T to be a linear transformation on the basis vectors
aiy...,an4+1 of IRPY. Conversely, if a non-singular outermorphism is
specified on IRP'? it clearly defines a unique projective collineation on
II", which we denote by the same symbol T

All of the theorems on harmonic points and cross ratios of points on
a projective line follow easily from the above definitions and properties
[9], but we will not prove them here. For what follows, we will need two
more definitions:

DEFINITION 7 A nonidentity projectivity of a line onto itself is elliptic,
parabolic, or hyperbolic as it has mo, one, or two fired points, respec-
tively. More generally, we will say that a nonidentity projectivity of I1™
s elliptic, parabolic, or hyperbolic, if whenever it fizes a line in II"™,
then the restriction to each such line is elliptic, parabolic, or hyperbolic,
respectively.

Let a,b € IT" be distinct points so that aAb #£ 0. If T is a projectivity
of II" and T'(aAb) = AaAb for A € IR*, then the characteristic equation
of T restricted to the subspace aAb,

[(\ = T)(aAb)] - ahb = 0 (21)

will have 0, 1 or 2 real roots, according to whether 7" has 0, 1 or 2 real
eigenvectors, [15], [8, p.73], which correspond directly to fixed points.

DEFINITION 8 A nonidentity projective transformation T of a line onto
itself is an involution if T? = identity.
2.3 Conics and Polars

Let ay,as,...,a,41 € IRP? represent n + 1 = p + ¢ linearly indepen-
dent vectors in IRP?. This means that I = ajAagA -+ Aan4+1 # 0. As an
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element in the projective space II", I represents the projective n-plane
determined by the n + 1 non-co(n — 1)planar points a1, ...,a,+1. Rep-
resenting the points of II" by homogeneous vectors x € IRP?, makes it
easy to study the quadric hypersurface (conic) @ in II™ defined by

Q:={z| =€ R,z #0, and 2* = 0}. (22)

DEFINITION 9 The polar of the k-blade A € Q}’;q is the (n+1—k)-blade
Polg(A) defined by
Polg(A) := AI"! = A (23)

where A* is the dual of A in the geometric algebra G, 4.

The above definition shows that polarization in the quadric hypersurface
Q@ and dualization in the geometric algebra G, , are identical operations.
If z € @, it follows that

zAPolg(z) = aA(xI™h) = 227! = 0. (24)

This tells us that Polg(x) is the hyperplane which is tangent to @ at
the point z, [12]. We will meet something very similar when we discuss
the horosphere in section 5.

3. Affine and other geometries

In this section, we explore in what sense “projective geometry is all
of geometry” as exclaimed by Cayley. In order to keep the discussion as
simple as possible, we will discuss the relationship of the 2 dimensional
projective plane to other 2 dimensional planar geometries, [6].

We begin with affine geometry of the plane. Let II? be the real pro-
jective plane, and 7 (IT?) the group of all projective transformations on
12, Let a line £ € 112 (a degenerate conic) be picked out as the absolute
line, or the line at infinity.

DEFINITION 10 The affine plane A? consists of all points of the projec-
tive plane I12 with the points on the absolute line deleted. The projective
transformations leaving L fized, restricted to the real affine plane, are
real affine transformations. The study of A2 and the subgroup of real
affine transformations T {A?} is real plane affine geometry.

If we now fix an elliptic involution, called the absolute involution, on
the line £, then a real affine transformation which leaves the absolute
involution invariant is called a similarity transformation.

DEFINITION 11 The study of the group of similarity transformations on
the affine plane is similarity geometry.
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An affine transformation which leaves the area of all triangles invariant
is called an equiareal transformation.

DEFINITION 12 The study of the affine plane under equiareal transfor-
mations is equiareal geometry.

A euclidean transformation on the affine plane is an affine transforma-
tion which is both a similarity and an equiareal transformation. Finally,
we have

DEFINITION 13 The study of the affine plane under euclidean transfor-
mations is euclidean geometry.

In our representation of II" in a geometric algebra G, , where n 41 =
P + q, a projectivity is represented by a non-singular linear transforma-
tion. Thus, the group of projectivities becomes just the general linear
group of all non-singular transformations on IRP? extended to outermor-
phisms on G, 4. Generally, we may choose to work in a euclidean space
IR™! rather than in the pseudo-euclidean space IRP%, [9], [12]. We have
chosen here to work in the more general geometric algebra G, 4, because
of the more direct connection to the study of a particular nondegenerate
quadric hypersurface or conic in IRP9.

We still have not mentioned two important classes of non-euclidean
plane geometries, hyperbolic plane geometry and elliptic plane geometry
, and their relation to projective geometry. Unlike euclidean geometry,
where we picked out a degenerate conic called the absolute line or line
at infinity, the study of these other types of plane geometries involves
the picking out of a nondegenerate conic called the absolute conic .

For plane hyperbolic geometry, we pick out a real non-degenerate
conic in II?, called the absolute conic, and define the points interior to
the absolute to be ordinary , those points on the absolute are ideal , and
those points exterior to the absolute are ultraideal [6, p.230].

DEFINITION 14 A real projective plane from which the absolute conic
and its exterior have been deleted is a hyperbolic plane. The projec-
tive collineations leaving the absolute fixed and carrying interior points
onto interior points, restricted to the hyperbolic plane, are hyperbolic
isometries. The study of the hyperboic plane and hyperbolic isometries
18 hyperbolic geometry.

Hyperbolic geometry has been studied extensively in geometric algebra
by Hongbo Li in [3, p.61-85], and applied to automatic theorem proving
in [3, p.110-119], [5, p.69-90].

For plane elliptic geometry, we pick out an ¢maginary nondegenerate
conic in II? as the absolute conic. Since there are no real points on
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this conic, the points of elliptic geometry are the same as the points in
the real projective plane II2. A projective collineation which leaves the
absolute conic fixed (whose points are in the complex projective plane)
is called an elliptic isometry .

DEFINITION 15 The real projective plane I1% is the elliptic plane. The
study of the elliptic plane and elliptic isometries is elliptic geometry.

In the next section, we return to the study of affine geometries of
higher dimensional pseudo-euclidean spaces. However, we shall not
study the formal properties of these spaces. Rather, our objective is to
efficiently define the horosphere of a pseudo-euclidean space, and study
some of its properties.

4. Affine Geometry of pseudo-euclidean space

We have seen that a projective space can be considered to be an affine
space with idealized points at infinity [18]. Since all the formulas for meet
and join remain valid in the pseudo-euclidean space IRP*?, using (18), we
define the n = (p+¢)-dimensional affine plane A, (IRP*?) of the null vector
e= %(0—1—7]) in the larger pseudo-euclidean space IRPTH4+1 = RPIp R
where IR = span{o,n} for 0> = 1 = —n?. Whereas, effectively, we
are only extending the euclidean space IRP? by the null vector e, it
is advantageous to work in the geometric algebra G,11 441 of the non-
degenerate pseudo-euclidean space IRPTH9T1 We give here the important
properties of the reciprocal null vectors e = %(0 +mn) and € = o —n that
will be needed later, and their relationship to the hyperbolic unit bivector
U= on.

2 _ 52 _

e 0, ee=1, u=2ehe=o0cAn, u>=1. (25)
q.

e
The affine plane A2 := A (IRP?) is defined by
A(RPY) = {z, =z +e| x€ RP} C RPTHITL (26)

for the null vector e € IRV, The affine plane A.(IRP?) has the nice
property that a:% = 22 for all zj, € A.(IRP9), thus preserving the metric
structure of IRP9. We can restate definition (26) of A.(/RP?) in the form

A(RPY) = {y| y e RPTT | ye=1 and ye=0}cC RPTHITL

This form of the definition is interesting because it brings us closer to
the definition of the n = (p + ¢)-dimensional projective plane .

The projective n-plane II"™ can be defined to be the set of all points
of the affine plane A.(IRP?), taken together with idealized points at
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infinity. Each point z;, € A.(IRP?) is called a homogeneous representant
of the corresponding point in II"™ because it satisfies the property that
xp-€ = 1. To bring these different viewpoints closer together, points in
the affine plane A, (IRP'?) will also be represented by rays in the space

ALWS (IRPY) = {{y}my‘ y € ]RpH’qH,y-e =0, ye#£0 } c [RptLa+l

(27)
The set of rays A*° (IRP9) gives another definition of the affine n-plane,
because each ray {y},qy € Ae™°(IRP?) determines the unique homoge-
neous point

Yp = i_ S Ae(Rp’q).
y-e

Conversely, each point y € A.(IRP'?) determines a unique ray {y},qy in
AP (IRP9). Thus, the affine plane of homogeneous points A, (IRPY) is
equivalent to the affine plane of rays Ae"Y*(IRPY).

Suppose that we are given k-points a?,aé’, . ,CLZ € A.(IRP-?) where
each a? = a; + e for a; € IRPY. Taking the outer product or join of these
points gives the projective (k — 1)-plane A" € II". Expanding the outer
product gives

Al = altnaB AL NGl = aP A (el — a)AaBA L nal
N h
= a'Aah — aN(ah — a NN . nal =
= alA(ag — ar)\(ag — az)A ... Aag — ap_1),

or
Al = alnabn . Al = agnaan . nag+

eNlaz — ar)N\(az — a2)A ... Nag — ag_1). (28)

Whereas (28) represents a (k — 1)-plane in II", it also belongs to the

affine (p, q)-plane ALY, and thus contains important metrical informa-
tion. Dotting this equation with €, we find that

e AV =2 (aindin . nal) = (az — ar)A(ag — a)A .. A(ag — ag_1).
This result motivates the following
DEFINITION 16 The directed content of the (k — 1)-simplex
Al = alinalin - /\aZ
in the affine (p,q)-plane is given by
e-Al e (alinaln ... nal)

k-1 (k—1)!

_ (ag —a1)A(az — ag)A ... N(ak — ag_1)
(k—1)! ’
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4.1 Example

Many incidence relations can be expressed in the affine plane A, (IRP?)
which are also valid in the projective plane 11", [3, pp.263]. We will only
give here the simplest example.

Given are 4 coplanar points ay,bs,cn,dn, € Ac(IR?). The join and
meet of the lines apAby, and ¢, Ady, are given, respectively, by (apAbp) U
(epAdp) = apNbpAcy, and using (18),

(ah/\bh) N (Ch/\dh) = [I-(ah/\bh)] '(Ch/\dh)

where e, e5 are the orthonormal basis vectors of IR?, and I = esAej Ae.
Carrying out the calculations for the meet and join in terms of the
bracket determinant (19), we find that

(ah/\bh) U (Ch/\dh) = [ah, by, Ch]jf = det{a, b}[ (29)
where I = ejAeaAe and det{a, b} := (aAb) - (e21), and
(apAbp) N (epNdp) = det{c — d,b — c}ap, + det{c — d,c — a}by. (30)

Note that the meet (30) is not, in general, a homogeneous point.
Normalizing (30), we find the homogeneous point p;, € A.(IR?)
_det{c—d,b— c}ay +det{c —d,c—a}by
Ph = det{c —d,b—a}

which is the intersection of the lines apAby, and cpAd;,. The meet can
also be solved for directly in the affine plane by noting that

Ph = opap + (1 — ap)bp, = Bpen, + (1 — Bp)dy,
and solving to get a, = [by,ch,dnl7/[br — an,cp,dply.  Other simple
examples can be found in [15].

5. Conformal Geometry and the Horosphere

The conformal geometry of a pseudo-Euclidean space can be linearized
by considering the horosphere in a pseudo-Euclidean space of two dimen-
sions higher. We begin by defining the horosphere HE'? in IRPT14+1 by
moving up from the affine plane AY? := A (IRP9).

5.1 The horosphere

Let Gpi1,4+1 = gen(IRPTH9T1) be the geometric algebra of RPTHITL
and recall the definition (26) of the affine plane A2 := A (RP7) C
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RPTLa+L Any point y € RPTLITL can be written in the form y =
x + ae + (e, where x € IRP? and «, (3 € IR.
The horosphere HE'? is most directly defined by

HP = {2, =z + B¢ | 21, € APY and 22 = 0.} (31)
With the help of (25), the condition that

22 = (v, + ) =22 +23=0

gives us immediately that § := —%. Thus each point z. € HE'? has the
form ) )
T 1
Te = Tp — 7hé =x+e— %E = §xh6xh. (32)

The last equality on the right follows from
1 1 1
—xpexy = = [(xp-€)zn + (xpAE)a) = T — —25E.
2 2 2
From (32), we easily calculate

:L‘2 2

xc-yc:(az+e——é)'(y+e—y—é):
2 2
2 2
A A VY

where (z — y)? is the square of the pseudo-euclidean distance between
the conformal representants z. and y.. We see that the pseudo-euclidean
structure is preserved in the form of the inner product x. - y. on the
horosphere.

Just as x;, € APY is called the homogeneous representant of x € IR,
the point x. is called the conformal representant of both the points xj €
AP? and x € IRP4. The set of all conformal representants HP9 :=
c(IRP9) is called the horosphere . The horosphere HP*¢ is a non-linear
model of both the affine plane A%? and the pseudo-euclidean space IRP-4.
The horosphere ‘H"™ for the Euclidean space IR™ was first introduced by
F.A. Wachter, a student of Gauss, [7], and has been recently finding
many diverse applications [3], [5].

The set of all null vectors y € IRPT19+! make up the null cone

N = {y c Bp-l-l,q-l-l‘ y2 — 0}'

The subset of N containing all the representants y € {z.},qy for any
x € IRP? is defined to be the set

NO = {y € N ’ y'é 7é 0} = UzERqu {mc}ragp
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and is called the restricted null cone. The conformal representant of a
null ray {z},qy is the representant y € {z},4, which satisfies y-€ = 1.

The horosphere HP? is the parabolic section of the restricted null
cone,

HPY={y e Ny | y-e=1},

see Figure 5. Thus H?? has dimension n = p + ¢. The null cone N is
determined by the condition y? = 0, which taking differentials gives

ydy=0 = x.dy=0, (33)

where {y}ray = {®c}ray. Since Nj is an (n + 1)-dimensional surface,
then (33) is a condition necessary and sufficient for a vector v to belong
to the tangent space to the restricted null cone 7 (Np) at the point y

veTNy) & wzv=0. (34)

It follows that the (n + 1)-pseudoscalar I, of the tangent space to Ny at
the point y can be defined by I, = Iz, where I is the pseudoscalar of
R4+ We have

zev=0 & 0=I(x.v)={Ix:) v = IyAv, (35)

a relationship that we have already met in (24).

5.2 H-twistors

Let us define an h-twistor to be a rotor S, € Spiny, 1 441

1 1
Syi=1+ §mé = exp (§mé). (36)

An h-twistor is an equivalence class of two “twistor” components from
Gp,q> that have many twistor-like properties. The point x. is generated
from 0. = e by

T, = SyeS, T, (37)

and the tangent space to the horosphere at the point z. is generated
from dx € IRP9 by

dz, = dS,eS," + S, edS," = S,(Qs-€)S," = SpdxS,T.  (38)
It also keeps unchanged the “point at infinity” €
€= 5,eS,".

H-twistors were defined and studied in [15], and more details can be
found therein.
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Figure 5.  The restricted null cone and representations of the point x in affine space
and on the horosphere.

Since the group of isometries in Ny is a double covering of the group of
conformal transformations Con,, , in IRP9, and the group Ping1 g+1 is a
double covering of the group of orthogonal transformations O(p+1, ¢+1),
it follows that Piny4iq41 is a four-fold covering of Con, 4, [10, p.220],
14, p.146].

5.3 Matrix representation

We have seen in (14) that the algebra G,11 4+1 = Gp,q®G1,1 is isomor-
phic to a 2 X 2 matrix algebra over the module G, 4. This identification
makes possible a very elegant treatment of the so-called Vahlen matrices
(10, 11, 4, 14].

Recall in section 1.4, that the idempotents uy = %(1 + u) of the
algebra Gy 1 satisfy the properties

Uy +u_=1, up —u_=u, uyu_=0=u_uy , ougr =u_o,
where
_ 1_ 1
u = eNe , u+—§ee, u_:§ee,

and
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Each multivector G' € G,41,441 can be written in the form
G=(1 o)uylG <;> = Auy + Buyo + C*u_o+ D*u_ (39)

where

G] = <é g) for A,B,C,D € Gp,.

The matrix [G] denotes the matrix corresponding to the multivector G.
The operation of reversion of multivectors translates into the following
transpose-like matrix operation:

where A = A*T is the Clifford conjugation, [15].

5.4 Mobius transformations

We have seen in (37) that the point z. € H, 4 can be written in the
form, z, = SyeS,T. More generally, any conformal transformation f ()
can be represented on the horosphere by

f(@), = Siw)eSiw (40)

Using the matrix representation (39), for a general multivector G €
Gp+1,g+1 we find that

co=(2 HEYE D

B

-(p)@ B )

A=Y 0) @=(a p). ©wi-=(g %)

The relationship (41) suggests defining the conformal h-twistor of the
multivector G' € G,11 441 to be

where
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which may also be identified with the multivector G. := Ge = Buy +
D*e. The conjugate of the conformal h-twistor is then naturally defined
by -

Gll:=(D B) .

Conformal h-twistors give us a powerful tool for manipulating the confor-
mal representant and conformal transformations much more efficiently.
For example, since x. in (37) is generated by the conformal h-twistor
[Sz],, it follows that

[e] = [Sal [Sal! = (f) (1 —2)= (916 _j) |

We can now write the conformal transformation (40) in its spinorial

form, [Sp)], = <f(1$)> ’

Since T, = RS, for the constant vector R € Pinpy1 441 , its spinorial
form is given by

m=msl= (o o) (1) = (Ge10) = (V).

where

[R] = <é g) , for constants A,B,C,D € G, .

It follows that

[T,] = <%> = <f(1”3)> H = H=N and f(z)=MN"' (42)
The beautiful linear fractional expression for the conformal transfor-

mation f(x),
f(z) = (Az + B)(Cz + D)} (43)

is a direct consequence of (42), [15].

The linear fractional expression (43) extends to any dimension and
signature the well-known M6bius transformations in the complex plane.
The components A, B, C, D of [R] are subject to the condition that R €
Pingyq,4+1. Conformal h-twistors are a generalization to any dimension
and any signature of the familiar 2-component spinors over the complex
numbers, and the 4-component twistors. Penrose’s twistor theory [13]
has been discussed in the framework of Clifford algebra by a number of
authors, for example see [1], [2, pp75-92].



Clifford Geometric Algebras 27

References

R. Ablamowicz, and N. Salingaros, On the Relationship Between Twistors and
Clifford Algebras, Letters in Mathematical Physics, 9, 149-155, 1985.

Clifford Algebras and their Applications in Mathematical Physics, Editors:
A. Ablamowicz, and B. Fauser, Birkduser, Boston (2000).

E. Bayro Corrochano, and G. Sobczyk, Editors, Geometric Algebra with Appli-
cations in Science and Engineering, Birkh&user, Boston 2001.

J. Cnops (1996), Vahlen Matrices for Non-definite Metrics, in Clifford Alge-
bras with Numeric and Symbolic Computations, Editors: R. Ablamowicz, P.
Lounesto, J.M. Parra, Birkhauser, Boston.

L. Dorst, C. Doran, J. Lasenby, Editors, Applications of Geometric Algebra in
Computer Science and Engineering, Birkhauser, Boston 2002.

W.T. Fishback, Projective and Euclidean Geometry, 2nd, John Wiley & Sons,
Inc., New York, 1969.

T. Havel, Geometric Algebra and Mdébius Sphere Geometry as a Basis for Eu-
clidean Invariant Theory, Editor: N.L. White, Invariant Methods in Discrete
and Computational Geometry: 245-256, Kluwer 1995.

D. Hestenes and G. Sobczyk, Clifford Algebra to Geometric Calculus: A Unified
Language for Mathematics and Physics, D. Reidel, Dordrecht, 1984, 1987.

D. Hestenes, and R. Ziegler (1991), Projective geometry with Clifford algebra,
Acta Applicandae Mathematicae, 23: 25-63.

P. Lounesto, Clifford Algebras and Spinors, Cambridge University Press, Cam-
bridge, 1997, 2001.

J. G. Maks, Modulo (1,1) Periodicity of Clifford Algebras and Generalized
Mébius Transformations, Technical University of Delft (Dissertation), 1989.

A. Naeve, Geo-Metric-Affine-Projective Computing, http://kmr.nada.kth.se/
papers/gacourse.html, 2003.

R. Penrose and M.A.H. MacCallum, Twistor Theory: an Approach to Quanti-
zation of Fields and Space-time, Phys. Rep., 6C, 241-316, 1972.

I. R. Porteous, Clifford Algebras and the Classical Groups, Cambridge University
Press, 1995.

J.M. Pozo and G. Sobczyk, Geometric Algebra in Linear Algebra and Geometry,
Acta Applicandae Mathematicae 71: 207-244, 2002.

G. Sobczyk, Mappings of Surfaces in FEuclidean Space Using Geometric Algebra,
Arizona State University (Dissertation), 1971.

G. Sobczyk, The Missing Spectral Basis in Algebra and Number Theory, The
American Mathematical Monthly, 108, No. 4, (2001) 336-346.

J. W. Young, Projective Geometry The Open Court Publishing Company,
Chicago, IL, 1930.



