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“Look,” they say, “here is something new!” But no, it has all happened before,
long before we have were born.
—Good News Bible, Eccl.1:10

Abstract In this paper we develop two topics in parallel and show their inter-
and crossrelation. The first centers on general notions of the classical
signal/system theory on finite Abelian hypergroups. The second con-
cerns the quantum hyperharmonic analysis of quantum signals (Her-
mitean operators associated with classical signals). We study classical
and quantum generalized convolution hypergroup algebras of classical
and quantum signals.
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Introduction

The main F.Klein idea of the “Erlangen Program” lies in the corre-
spondence of some group to a certain geometry. Thus, a group is the
first (basic) notion of geometry and group can be interpreted as some
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group of symmetries for the geometry. So, in general, every group of
transformations (symmetries) determines its own geometry under the
F.Klein correspondence GEO = f(GROUP). Quantum signal theory
is a term referring to a collection of ideas and partial results, loosely
held together, which assumes that there are deep connections between
the worlds of quantum physics and classical signal/system theory, and
that one should try to discover and develop these connections. The gen-
eral topic of this paper is the following idea. If some algebraic structures
arise together in quantum theory and classical signal/system theory in
the same context, then one should try to make sense of this for more
generalized algebraic structures. Here, the point is not to try to de-
velop alternative theories as substitute models for quantum physics and
signal/system theory, but rather to develop a “B-version” of a unified
scheme of general classical and quantum signal/system theory based on
the F.Klein “Erlangen Program”. It is known that general building ele-
ments of the Classical and Quantum Signal/System Theories (C1-SST
and Qu-SST) are the following: 1) the Abelian group of real numbers
AR, 2) the classical Fourier transform F, and 3) the complex field C,
i.e., these theories are associated with the triple ((AR, F, C)). Following
F.Klein, we can write

CI-SST = fd<<<AR,3",C>>), Qu-SST — fqu((<AR, 7, c>>)

for any F.Klein correspondences f; and fq,, respectively. These cor-
respondences mean that every triple ((AR,J,C)) determines certain
theories CI-SST and Qu—SST. In this paper we develop a new uni-
fied approach to the Generalized Classical and Quantum Signal/System
Theories (GC1-SST and GQu-SST). They are based not on the triple
((AR, J, C)), but rather on other Abelian groups and hypergroups, on a
large class of orthogonal and unitary transforms (instead of the classical
Fourier transform), and involve other fields, rings and algebras (triplet
color algebra, multiplet multicolor algebra, hypercomplex commutative
algebras, Clifford algebras). In our approach, Generalized Classical and
Quantum Signal/System Theories are two functions (correspondences)
of a new triple:

GCI-SST — fd<<<HG,S",A)>), GQu-SST — fqu<(<HG,S",A)>>,

where HG is a hypergroup, & is a unitary transform, and A is an algebra.
When the triple (HG, J,A)) is changed the theories GCI-SST and
GQu—SST are changed too. For example, if F is the classical Fourier
transform, HG is the group of real numbers R and A is the complex field
C, then ((R,J, C)) describes free quantum particles. If F is the classical
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Walsh transform (CWT), HG is an abelian dyadic group Z% and A is the
complex field C, then ((Z3, CWT,A)) describes n-digital quantum reg-
isters. If F is the classical Vilenkin transform (CVT), HG is an abelian
m-adic group Z}', and A is the complex field C, then ((Z7,CWT, C))
describes n-digital quantum m-adic registers and so on. Every triple
generates a wide class of classical and quantum signal processing meth-
ods. We develop these two topics in parallel and show their inter- and
crossrelation. We study classical and quantum generalized convolution
hypergroup algebras of signals and Hermitian operators. One of the
main purposes of this paper is to demonstrate parallelism between the
generalized classical hyperharmonic analysis and the generalized quan-
tum hyperharmonic analysis.

1. Generalized classical signal/system theory on
hypergroups
1.1 Generalized shift operators

The integral transforms and the signal representation associated with
them are important concepts in applied mathematics and in signal the-
ory. The Fourier transform is certainly the best known of the integral
transforms and, with the Laplace transform, is also the most useful.
Since its introduction by Fourier in the early 1800s, it has found use in
innumerable applications. However, the Fourier transform is just one of
many ways of signal representation, there are many other transforms of
interest. An important aspect of many of these representations is the
possibility to extract relevant information from a signal: the informa-
tion that is actually present but hidden in its complex representation.
But these transformations are not efficient analysis tools compared to
the ordinary Fourier representation, since the latter is based on such
useful and powerful tools of signal theory as linear and nonlinear convo-
lutions, classical and higher-order correlations, invariance with respect
to shift, ambiguity and Wigner distributions, etc. The other integral
representations have no such tools. The ordinary group shift operators
(IT7x)(t) := x(t ® 7) play the leading role in all the properties and tools
of the Fourier transform mentioned above. In order to develop for each
orthogonal transform a similar wide set of tools and properties as the
Fourier transform has, we associate a family of generalized commutative
shift operators with each orthogonal transform. Such families form com-
mutative hypergroups. Only in particular cases are these hypergroups
well-known Abelian groups. In 1934 F. MARTY [1, 2] and H.S. WALL
[3, 4] independently introduced the notion of hypergroup.



Let f(z) : @ — A be an A-valued signal, where A is an algebra.
Usually, @ = R" x T, or Q = Z" x T, where R", Z" and ZY, are nD
vector spaces over R, Z and Z y, respectively, T is a compact (temporal)
subset of R, Z, or Zy. Here, R, Z and Zy are the real field, the ring
of integers, and the ring of integers modulo IV, respectively. Let Q* be
the space dual to 2. The first one will be called the spectral domain,
the second one is called the signal domain keeping the original notion of
x € as “time” and w € 2* as “frequency”. Let

Sigy = L(2,4) := {f(2)| f(z): Q2 — A},

Spy :=L(Q"A) :={F(w)|F(w): Q" — A}

be two vector spaces of A-valued functions. In the following we assume
that the functions satisfy certain general properties so that pathological
cases where formulas would not hold are avoided. Let {w,(2)}wew=
be an orthonormal system of functions of Sig,. Then for any function
f(z) € Sig, there exists a function F(w) € Spy for which the following
equations hold:

F(w) = €F{f}(w) = / @2 @)ina), 1)

f@) = 5 Y@ = [ Flputute) 2)
wen*

where p(z), pu(w) are certain suitable measures on the signal and spectral

domains, respectively. The function F'(w) is called the CF-spectrum of a

signal f(x) and expressions (1) and (2) are called the pair of generalized

classical Fourier transforms (or CF-transforms). In the following we

will use the notation f(x) «— F(w) in order to indicate CF-transform

pairs. Along with the “time” and “frequency” domains we will work with
“time-time” Q x €, “time-frequency” €2 x Q*, “frequency-time” Q* x €,
and “frequency-frequency” 2* x Q* domains, and with four distributions,
which are denoted by double letters ff(x,v) € La(Q2 x Q,A), Ff(w,v) €
Lo(Q* x Q,A), fF(z,v) € Lo (2 x Q*,A), and FF(w,v) € La(2* x Q, A).

The classical shift operators in the “time” and “frequency” domains
are defined as (T} f)(z) := f(z+v), (DL F)(w) :== F(w+v). For f(z) =
e/t and F(w) = e /% we have f;’ejm = JwEtv) = eiwveiwT and
l/j[fje_j“’x = e IWtv)r — omjrre—iwt e functions e/, eI are eigen-
functions of “time”-shift and “frequency”-shift operators T\;’ and ZA?K,
corresponding to eigenvalues A\, = ¢/“V and A\, = e 7¥* respectively. We
now generalize this result.
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DEFINITION 1 The operators
(TP ) (@) = ¢u(@)pu(v), (Trou)(x) = pu(@)@u(v),  (3)

(D))= ¢u(@)@u(@),  (D5ow)(®)= gu(a)pu(z). (4)
are called the generalized commutative “time” and “frequency”-shift op-
erators (GSOs) respectively.

It is known [5, 6] that two families of time GSOs {T"},cq and frequency
GSOs {ﬁ[fj}yeg* form two commutative hypergroups. By definition,
functions ¢, (x) are eigenfunctions of GSOs: f;cpw(x) = pu(v)pu(z),
ﬁfj@w(a:) = @, ()@, (). For this reason, we can call them the hyperchar-
acters of the hypergroup. The idea of a hypercharacter on a hypergroup
encompasses characters of locally compact and finite Abelian groups and
multiplication formulas for classical orthogonal polynomials. The the-
ory of GSOs was initiated by LEVITAN [5, 6] and (in the terminology of
hypergroup) by DuNcL [7] and JEWETT [8]. The class of commutative
generalized translation hypergroups includes the class of locally com-
pact and finite Abelian groups and semigroups. The theory for these
hypergroups looks much like locally compact and finite Abelian group
theory. We will show that many well-known harmonic analysis theo-
rems extend to the commutative hypergroups associated with arbitrary
Fourier transforms.
For a signal f(x) € Sig, we define its shifted copy by

~

Tof(x) = fxBo) = T / F(w)pu(@)du(w) | =

[S%
| PR () @) = [ Fee@l@di).
weN* weN*

Analogously,

T (@) = f(zB0v) = / ()@ (0)] 9o (2)dpu(w),

weN*
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Here symbols H,® and H,& are the quasisums and quasidifferences,

respectively. Obviously
pu(rBv) = gu(@)ew(v),  wolzBv) = pu(z)o, (),

and
Puav (@) = pu(@)pv(@),  Puer(®) = u()P, ().

We will need the following modulation operators:
(M7 f)(x) := @u(@)f(x), (MEF)w:= @u(v)F(w).
(M7 f)(z) := @u(2) f(x), (MEF)w = @u(v)F(w).
From the GSOs definition we have:

THEOREM 1 Shifts and modulations are connected as follows:

TV f(z) = f(zB) — F(w)gy(v) = MUF(w),

~

TP f(x) = f(zB0v) — F(w)gu(v) = MJF(w),

T

CF
MY f(x) = f(z)@u(z) o Flwar) = DLF(w),
MY f(z) = f(z)pu(2) — F(wov)=D'F(w),

1.€.,

CF{TPIeF !t = MY, CF{M’}eF ' =D,
CF{TUIeF ' = MY, eF{M}eF ' = D7,
CF YDuYCeF = MY, eF Y{MUIeF =177,
eF YDV eF = MY, CF YMIIeF,=1T".
The operators are noncommutative because
MITY = @ (0) Ty My, TyMy = ¢, () MYTY,

MDY, = ¢, (v)DY M2,  DYMC = o, (v) MDY,
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1.2 Some popular examples of GSOs

EXAMPLE 1 In this example we consider GSOs on finite cyclic groups.
Let Q = Z/N be an Abelian cyclic group. The N D vector Hilbert space of
classical discrete A-valued signals is Sigy = {f(x)|f(z) : Z/N — A}.
The characters of Z/N are discrete harmonic A-valued signals x,(z) =
e“* where w € (Z/N)* = Z/N, and ¢ is a primitive Nth root in an
algebra A. They form a unitary basis in Sig,. The Fourier transform in
Sig is the discrete Fourier A-valued transform

fx) = CIHFY= ) Fw)e
w€Z /N

Flw) = C€Fn{f}= D fla)e "

x€Z/N

All Fourier spectra form the N D wvector Hilbert spectral space Spy =
{F(w) | F(w) : Z/N — A}. The “time-frequency” and “frequency-
time” domains are Q x Q* =Q x Q =7Z/N x Z/N, i.e., the phase space
is the 2D discrete torus ZJN x Z/N. The “time” and “frequency”-shift
operators f;, 15}:, are defined by f;f(a:) = f(z®v), ﬁZF(w) = fwdv),
where

and @ s the symbol representing addition modulo N. It is obvious that
G&"NT[\T;’}G&"_I = MY, (?3"]}1{135}(??]\/ = M. Here, modulation op-
erators MY and MY are defined by MY f(z) = & f(z), MUF(w) :=
e“’F(w), where

The “time”-shift and “frequency”-shift operators induce the following
pair of sets of noncommutative Heisenberg—Weyl operators:

HW, := {5;”7@ = M'T" |veZJN, ve Z/N} ,



HW,, := {EW = MDY |veZ/N, ve Z/N}.
They act on Sig, and Spq by the following rules:
EVD f(z) = MYTY f(2) = e f(z &),

eV F(w) = MUDYF(w) = " F(w @ v).
O

EXAMPLE 2 Let QN and QF; be two versions of a finite Abelian group of
order N := N1Nsy---N,. The fundamental structure theorem for finite
Abelian groups implies that we may write QN and QF; as the direct sums
m m
of cyclic groups, i.e., QN = @ Z/N;, and Q§ = @ Z*/N;, where both
=1 =1
Z/N; and Z*/N; are identified with the integers 0,1,...,N; — 1 under
addition modulo N;. Group elements v € QN and w € QY are identified
with points x = (x1,22,...,Tmy) and w = (w1,wa,...,wy) of the mD
discrete torus, respectively. Let us embed finite groups Q0N and QF; into
two discrete segments Qn — Q= [0,N —1], Q — Q" :=[0,N —1]*
ustng a mized-radix number system

i—1 i—1
xr = E xT; H Nj N w = E Wy H Nj
% 7=0 i 7=0

The weights of x1 and wy are unity (Ng = 1.) The group addition induces
“exotic” shifts in the segments Q := [0,N — 1] and Q* := [0,N — 1]*,

which we will denote as ®. If v = (x1,...,2m), v = (v1,...,0y) and
w= (Wi, ,Wm), V= (V1,...,Vm), then
Thv = (1'17'-- 7$m)@(vlv"-7vm) = ($1@’U1,---,$m @Um)
N N Nl Nm
and
WOV = (W1, W) B, ooy V) = (W1 BV, -+, Wi D V).
N N Nl Nm

The Fourier transforms in the space of all A-valued signals defined on
the finite Abelian group QN = Z/Ny X Z/Na X ... X /Ny, in the form of
Q2 =[0,N — 1] have a great interest for digital signal processing. Denote
this space by Sigy = L(2, A). Let ey, be a primitive A-valued Nj-th root.
The set of all characters of the group QN can be described by x.(x) =
X (Z1) +* X (@) = €72 - -gwm®m - They form an orthogonal basis
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in the signal space (2, A). The Fourier transform of a signal f(z) €
L(Q,A) is defined as

F(w)=eIN{f}w) =) f@)Xu(z), weQ" (9)
te2
The inverse Fourier transform is
_ 1
@) = CINH{F}Ha) = & Z teq. (10)
weN*
The set of all functions F(w) forms the spectral space Spy= L(Q*A).
The “time” and “frequency”-shift operators T, D! are defined by

TVf(z) := f(zdv), DI'F(w):= f(wdv),
N N

where
Ty =T = Th e e.. e T,
and
D= D)) = Dl e D@ Dl
Obuviously,

Con{TV}CTN = MY
eI {D}CTn = M".

Here, modulation operators ]/\4\3’0’ and ]/\4\5 are defined by M\g’c’f(:r) =
Xw(z)f(x) and MYF(w) := xu(x)F(w), where

MY = M) = M2 @ M @ ... @ My
and . - . -
MU — M(U17'027"~7Um) — Mﬁi ® Mﬁ; ® . ® Mﬁz

w (W1,w2,...swm)

EXAMPLE 3 Let Q = [a,b], Q" = {0,1,2,...} := No, and let pi(t) =
pr(t) be a family of classical orthogonal polynomials. Then

/f )Pk(t Zh LR (k)pr(t (11)

is the pair of generalized Fourier transforms, where k € No, t € [a,b],
o(t)dt = du(t) and du(k) = h;;' are measures on the signal and spectral



10

domains respectively. We consider special cases of classical orthogonal
polynomials. Case 1. Let Q = [—1,4+1], o(t) = (1 —t)* (1 + 1),
a>pF—1 and Jac,ga’ﬁ) (t) be (o, B)-Jacobi polynomials. In this case,
generalized Fourier transforms for each o and (8 are the Fourier—Jacobi
transforms

@OR(k) = ©OCF{ 1 (k) / FO)Tad ™D (1)1 - (1 + 0)dt, (12)

F(t) == @PeF 1 FY(k) Zh‘ (k)Jac™P () (13)

for special constants hy. If o> 3> —5 then the multiplication formula
for (a, B)-Jacobi polynomials is

Jac,(faﬁ)(T)Jac,(faﬁ)() P(aﬁ (tE7) //Jacmﬁ [ U=t

%(1 — )1 = )52 + /=) (1 = 2)scosh —1} du(s,0),  (14)

2T (a+1) _ 2ya—B-1 2641 (g1 0)28
where du(s,0) = T )T (5+%)(1 5%) s (sin0)“Pdsdf. There
follows
1 7
(I7 f)t) = f(tB7) //f[ 1+7)Q+t)+
0 0

—I-%(l — 7)1 —t)s* + /(1 —72)(1 — t2)scos § — 1] du(s,0).  (15)

Case 2. If « = 8 = 0 then {Jac,(go’o) ()12 = {Legr(t)}p2, is the
Legendre basis. From (15) we obtain the Legendre GSOs

1

(T7 F)(t) = f(tBT) = 217T/f Tt—i-\/l—T (1—12)s )(1—5) 2ds,

16
assoczted with the Legendre transform. Case 3. If a« = f = —0.5, t(he7)z
{Ja Cy —0-5,-05) ( 1o = {Chi(t) 12, z's the Legendre basis. In this case,
Q= (-1,1), o(t) = (1 =312 hy = 5, hn =m, n € No =Q". For the
Chebyshev polynomials the followmg multzplication formula is known:

Chy(1)Chn(t) = Cho(tB 1) =
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% [Ohn (Tt /-1 = t2)> + Chy, <Tt —Ja-)a- t?))} .
Therefore, "
(T7 )t) = f(tBT) =

(VA== + 1 (tr = VO=0-2))]. (19)

N =

d

EXAMPLE 4 Finally, we consider the infinite interval Q = (—o00, +00).
Let us introduce the signal and the spectrum spaces

o0
Ly (R,C,w(t)) - {f(t) ‘ (f(t) ‘R — C)&( / F(6)Pw(t)dt < oo)}

Lo(N, C, tin) = {F(n) ( (F(n) ‘N — C)&(an|F(n)|2 < oo) }

neN
with the scalar products

+o0o
(o) = [ fg0e 2t (R.6) = X S PG,

neN

where O* = N = {0,1,2,...,}, du(t) = w(t)dt, w(t) = e /2, and
wy, = 1/2™n!\/7. In this case, the generalized classical Fourier transform
of a signal f(t) € Lo (R,C,e_tzﬂ) is the Fourier—Hermite transform

+o0 5
F(n) = €F{[}(n) = /_ F(O) Hern(t)e=/2 di,
where -
= -1 n) = L n)Her
f(t) = €F7H{F}(n) ;M e F () Hera(t)

where Hery(t) are Hermite polynomials. Since

(=DFC(k + (3/2))*+! "
N

X / Hery, [(t2 + 72 4 2t7 cos ) /2 exp(—t7 sin @) sin .Jy (t7 sin cp)dgo] ,
0
(19)

Hery(t)Herp(t) = Herp(tB 1) =
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then
T f(t) = f(tHT) =
= /7T f (\/t2 + 72 + 2tT cos go) e TSP sin @ Jo(tTsinp)dp,  (20)
where J(())(.) is the Bessel function. 0
1.3 Generalized convolutions and correlations

It is well known that stationary linear dynamic systems (LDS) are de-
scribed by convolution integrals. Using the GSO notion, we can formally
generalize the notions of convolution and correlation [11]-[18].

DEFINITION 2 The following functions

y(@) = (hof)() = / h(v) (& B 0)du(v), (21)
veEN

Y(w) = (HOF)(w / HW)F(w & v)du(v) (22)
veQ*

are called the & and O-convolutions respectively.

The spaces Sig, and Sp, equipped with multiplications ¢ and © form
commutative signal and spectral convolution algebras ((Sigg, <)) and
((Spg, ©)), respectively.

DEFINITION 3 The expressions

(fg)(v f(x)g(x Bo)du(x), (23)
(FAG)(v) = / Fw)G(w 6 v)du(w) (24)
wenN*

are referred to as the cross & and #-correlation functions of signals f, g
and spectra F, G, respectively. If f =g and F = G, then the crosscorre-
lation functions are called the & and #d-autocorrelation functions.

The measures indicating the similarity between fF-distributions and
F f-distributions and their time and frequency-shifted versions are their
crosscorrelation functions.

DEFINITION 4 The expressions

(fFRbgG)(v, ) := / / FF (2, 0)5G(xBo,wev)du()du(w), (25)

teQ weN*
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(FraaG)(0) = [ [ Prw. G5 ontBodu@ida). (26)
veQ* veQ

are referred to as the @ and #d&-crosscorrelation functions of the dis-
tributions respectively. If fF(z,w) = gG(x,w) and F f(w,t) = Gg(w,t),
then the crosscorrelation functions are called the autocorrelation func-
tions.

THEOREM 2 Generalized classical Fourier transforms (1) and (2) map
& and Q-convolutions and & and #-correlations into the products of
spectra and signals, respectively,

CT{hOfY = CF{R}CTF{f)}, CF {HOF} =CF ' {H}CF ' {F}

CT {fdg} =CT{f}CT{g}, €T '{FaG}=Cr ' {F}CI " {G}

Taking special forms of the GSOs, one can obtain known types of con-
volutions and crosscorrelations: arithmetic, cyclic, dyadic, m-adic, etc.
Signal and spectral algebras have many of the properties associated with
classical group convolution algebras. Many of them are catalogued in
[9]-[19].

1.4 Generalized ambiguity functions and Wigner
distributions

The Wigner distribution was introduced in 1932 by E. WIGNER [20]
in the context of quantum mechanics. There he defined the probability
distribution function of simultaneous values of the spatial coordinates
and impulses. Wigner’s idea was introduced in signal analysis in 1948
by J. VILLE [21], but it did not receive much attention there until 1953
when P. WOODWARD [22] reformulated it in the context of radar theory.
Woodward proposed treating the question of radar signal ambiguity as
part of the question of target resolution. For that, he introduced a
function that described the correlation between a radar signal and its
Doppler-shifted and time-translated version:

r—v

+0o0
AW [f](v,0) = / F@) F@ — v)e " de = g {F£4(z,0)},

where ff%(z,v) := f(x)f(z —v). The distribution AW*[f](v,v) is called
the asymmetric Woodward ambiguity function. It describes the local
ambiguity of locating targets in range (time delay v) and in velocity



14

(Doppler frequency v). Its absolute value is called the uncertainty func-
tion since it is related to the uncertainty principle of radar signals.

The next time-frequency distribution is the so-called symmetric Wood-
ward ambiguity function:

S o E r _ E — S
AW ) 0) = eg {7 (o4 5) F (2= 5)} = ez (F7@ o)}, @)
where ff*(z,v) = f (z + %) f(m — %) . Analogously, we have expres-
sions for computing AW?®[F](v,v) in the frequency domain

AW [F)(1,0) = g~ {F(@)F(w - v)} = eg- 1 {FF*(r,w)},

AW [F)(v0) = g 1{F (w + g) F (w - g)} = g H{FF(rw)).

If F = CF{f}, then from Parseval’s relation we obtain
AW [ fl(v,v) = AW?*[F|(v,v) and AW?[f]|(v,v) = AW?®[F](v,v).

For this reason, we shall denote AW*[f](v,v), AW*[F](v,v) by AW® (v, v)
and AW?[f](v,v), AW?®[F](v,v) by AW?®(v,v). Further, we use the sym-
bol AW (v, v) for both AW*(v,v) and AW?(v, v).

Important examples of time-frequency distributions are the so-called
asymmetrical and symmetrical Wigner—Ville distributions. They can
be defined as the 2D symplectic Fourier transform of AW®[f](v,v) and
AW?[f](v,v), respectively,

WV[fl(z,w) = eg-1 eg {AW*[f](1,v)} = f(z)F(w)e ™7, (28)

TV W<V

TV W<V

LAY3 U\ —jwv
WVIfl(r,0) =egteg (AW LAl )= [7 (4 5)F (o= 5)eran
) (29
The 2D symplectic Fourier transform in (29) and (28) can be also viewed

as two sequentially performed 1D transforms with respect to v and v. The
transform with respect to v yields the temporal autocorrelation functions

fi*(z,v) = eg—H{AW?[f](v,0)} = f(2)f(z —v),

T<—UV

v v
S = —1 S = - - -
i (x,0) = g AW 1) 0)} = £ (2 + ) f (2= 5).
The transform with respect to v yields the frequency autocorrelation
functions
FF'(v,w) = eg{AW?*[F|(v,v)} = F(w)F(w —v),

w«—v
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fg(x,v)
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e

FG(v,w)

Figure 1. Diagram of relations between the different generalized 2D distributions

FF(r,w) = w@g}{AWS[F](V,v)} =F <w + g) F <w — %) .

We can formally generalize the notions of cross-ambiguity functions and
Wigner-Ville distributions using the GSO notion.

DEFINITION 5 The symmetric and asymmetric generalized Woodward

distributions (cross-ambiguity functions) of two signals f,g and two spec-
tra F,G are defined by

AW L glw0)= es {7} = [ [F(+83)9(eB 5)] o @lduto)

z€Q

AW (P, G)(v,v) = 5! {FG} _ / [F (w@g) G(w@g)} oo (W)du(w),

weN*

AWt glone) = eg {i} = [ [f@stzB0)o @)

V<—x
e

V—w

AW (P, G)(v.v) = eg—1{Fee} = / [F@)Gwen)]eu(w)dn(w).
wenN*

DEFINITION 6 The generalized symmetric and asymmetric Wigner-Ville
distributions of two signals f,g and two spectra F,G are defined by

WVIf.gl.w) = eg { f'} = [ [/ (08 5)3 (28 5)| e @),

wWv

veEQN
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WVAIF, G(z,w) = pg— 1 {FG*} = / Floo2)a (woy)]a@anw),

TV 2
veQ*
WVeIf, gl(x,w) := es {fo"} = f(2)F(w)puw(z),
WVUIF, G](z,w) := eF! {FG"} = F(w)f(z)pu(z).

Figure 1 is a flowchart relating
AWIf g(rv),  AW[F,G](v,v)

and
WVI[f, g|(z,w), WVI[F, G|(z,w)

and

fg(x,v), FG(v,w).

We can construct two vector Hilbert spaces of “time-frequency” and
“frequency-time” distributions

WV = {WV(z,w) | WV(z,w) : Q x Q" — A},
AW = {AW(v,v) | AW(v,v) : QF x Q — A}

DEFINITION 7 The generalized Woodward—Gabor ambiguity transforms
(or short-time and short-frequency generalized Fourier transforms) WS,
and WSq associated with functions g and G are defined as the following
mappings:

WG, : L(QA) — LQ" x Q,A), WS : L(Q*,A) — L(Q"x Q,A)
given by
ng{f}(’/av) = AVV[ﬁg](Va’U)v ng{F}(V, U) = AVV[Fv G](’U,l/).

DEFINITION 8 The generalized Wigner-Ville transforms WV, and WV
associated with functions g and G are defined as mappings

WV, : L(Q,A) — L(OQxQ"A), WV : L(Q",A) — L(QxQ",A)
given by

WV {f}Hz,w) := WV[f,gl(z,w), WV{F}(z,w):= WV[F,G](z,w).
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2. Generalized quantum signal/system theory
on hypergroups
2.1 Basic definitions

The basic objects of quantum harmonic analysis (QHA) are related
not to classical signals and spectra f, F' but to quantum signals and
quantum spectra (Hermitian operators) f, F' associated with classical
signals and spectra as follows:

f—AW[f] > f, F— AW[F] > F.

These maps are called the Weyl quantizations of signals and spectra,
respectively. There are also the Schwinger quantizations using Wigner—
Ville distributions:

f—=WV[f] = f, F—WV[F]—~F

The functions AW|[f](v,v), AW[F](v,v) (or WV|[f](z,w), WVI[F|(z,w))
are called the symbols (a symbol is not a kernel) of the quantum 51gnal
f and the quantum spectra F respectively, and are denoted by

AW[f](V, v) = Sym{f}7 AW[F} (v,v) == Sym{F}v
WV[f|(z,w) := sym{f}, WV[F](w,z) = sym{F}.

Vice versa, a quantum signal f and quantum spectra F are called the
operators associated with a classical signal f and classical spectrum by
symbols AW([f], AW[F] (or by WV[f], WV[F]), respectively, and they
are denoted by

f = Op{AW[f]}, F := Op{AWI[F]},

or
f=0p{WV[f]}, F:=O0p{WV[F]}.

All quantum signals fand quantum spectra F form the following quan-

tum spaces:

Sig; := {f| f are operators acting in Lo(02,A)},

Sp, := {F | F are operators acting in Ly(Q*, A)}.

Let Sig; and Sp; be the spaces of quantum signals and quantum
spectra with the following scalar products and norms:

~ ~ o~

(ilfo) = Te(fi D), |1l = (fIF) = Te(FFT)
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(FE]) s=Te(BE)), || FI| = (FIF) = Te(FFY),
where Tr(.) denotes the trace.

DEFINITION 9 The spaces Sig;, Sp; with the scalar products <ﬁ|fg>,
(F1|F3) and norms || f]|, ||F|| are called the Hilbert-Liouville spaces.

Let {@x}ren and {JA}AEA be two A-parametric families of operators,
parametrized by the label A = (A1, Ag,...,A;) € A C R” of a subset A of
an rD space R" endowed with a suitable measure p(A). These families
are called the quora for any subalgebras Alg, C Sig; and Alg] C Spy,

if every quantum signal f € Alg; and quantum spectrum F € Alg] is
determined by all scalar products

FT(A) = (f|gr) =Tr(f3}), TE(\) = (F|d)=Tr(F))

for all @y and J)\. The fundamental property of the quora is that any
quantum signal and spectrum can be expressed as integral transforms

F= 5 HFTO)} = [ FT@du(h) = OpFT(V}  (30)

AEA
F =5 TF(\)} = / TE\)dadu(N) = Op{TFN)},  (31)
AEA
where N N N N
FT(\) = OF(f} = (F3s) = Te(FBl) = sym{F}, (32)
TF(\) = QF{f} := (fl}) = Tr(f) = sym{F}. (33)

Usually, FT(X\) and TF()) are Wigner—Ville distribution and Woodward
ambiguity functions, respectively. Further we shall use only Woodward
ambiguity functions to design quantum signals and spectra.

DEFINITION 10 Let {@x}rea and {?,/[)\)\})\EA be two r-parametric families
of operators. Then transforms (30)—(33) are called the abstract quantum
Fourier transforms for the algebras Algy C Sig, and Alg," C Sp,

associated with two quora {Px}repn and {JA})\EA, respectively.

2.2 Classical Weyl quantization

It is well known that for the classical shift we have

Tt = fern =30 () f<x>:{iz_’: <di>k} fo)—

k=0 k=0
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0 i k k 0 iv’\m k L
{Z(k!) (‘%) }f<w>={2( Do) }f<:c>=ew%f<x>, (34)

k=0 k=0

where sz = —z . This expression represents the decomposition of the
ordinary finite shlft into a series of powers of the differential opera-
tor di and is called the infinitesimal representation of translation shift.

Anaulogously7 we can obtain DY F(w) = Flw+v) = e“’DwF( ), where

Dw = —z% Hence, T” = e“’Dﬂ” D” — eDo 1n 1932 H. WEYL proposed
[23] to modify the Fourier transform formula by changing its complex-
valued harmonics into operator-valued harmonics. He used the following
three quora for his quantization procedures of the signal space Sigy :

{ Egcu,v] _ ei(uj@tﬁvm)}’ { 55!'7”) — Mo eivﬁz}, { ggu,u) — oivDs ewm}

associated with the classical Fourier transform, where multiplication Jv[x
and differential D, operators are given by

Mof(x) = xf(2), Duf(x):=—i=>.
Using the first quorum, H. Weyl wrote any quantum signal fe Sig, as
7= QS"I{AW[f]} -

op{awin} = [ [ AWl 0t e D luw)due),  (35)

veQ* ve)
where

AW[f](v,v) = QF; {AW[f]} = Sym{[} = Tr | [ e #M=+vD:l] - (36)

Transformations (35) and (36) are called the direct and inverse ordinary
quantum Fourier transforms in the quantum signal space. It is natural
to view maps AW[f] — f, f — AW]f] as operator-valued Fourier
transforms. But we can write them in the explicit form of the integral
kernels. For example, for the map AW[f] — f the kernel f(z,y) of the

operator fhas the form:

fla,y) = / AW,y — 2)e™ 50D dp(w).
veN*

Of course, for quantization of the spectral space Sp one can use three
dual quora

{ 8&””]: ei[va+u®m}}’ { elvw) _ emm eiuﬁw}’ { elvw) _ emjm eivj@[m}’

w w
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where J\A/[wF(w) = wF(w), @WF(w) = —i%. Using the first quorum,
we can write any quantum spectrum F' € Sp, as follows:

Fi= erw{AW[F]} -

op{AW[F} = / / AW[F] (v, ) Mt Del gy du(),  (37)
vEQ VEN*

where

AW[F)(v,v) = QF; {AW[F]} = Sym{F} = Tr | F e~ilMe+vDu]|

(38)
Transformations (37) and (38) are called the direct and inverse ordinary
quantum Fourier transforms in the quantum spectral space.

2.3 Generalized Heisenberg—Weyl operators

Let us construct generalized operator-valued hyperharmonics associ-
ated with an orthogonal basis {p,,(z)}weq*-

DEFINITION 11 Operator Dy, for which @xgpw(:r) = wey(x) is valid, is
called the generalized differential operator.

The generalized differential operator appears as an ordinary diffeAren—
tial operator with variable coefficients, for example D, = p2($)% +
pl(:r)% + po(x), where pa(z), p1(x), po(z) are some variable coefficients.
Let us now find a connection between the GSOs T, v and the generalized
differential operator @x It can be found using the Taylor expansion.

THEOREM 3 Let {¢py,(z)}weq~ € Sigg be some Fourier basis, consisting
of A-valued basis functions. Then all GSOs associated with it have the
infinitesimal representation: f; = ¢4 (v), lA)f; = go,,(@w), and are called
the operator-valued hyperharmom’cs associAated with an orthogonal basis
{vw(@)}wear, where Dopy(x) = wpu(x), Duwpu(t) = 20w ().

Proof: If the signals ¢, (v) are decomposed into the following series
of w, (V) = Y22, Xk(v)(w)*, then we can construct the operators

0 ~
¢4 (v) = Y Xj(v)DE. For these operators we have
‘ k=0

(05, (0)) pule) = (Z Xk<v>@§z> pulz) = <Z Xk<v><w>’f> pulz) =
k=0 k=0
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QOW('U)QOM(ZL’) = QDW(ZL’ & 1)) = T;QOM(«T), (39)
ie, TV = ¢4, (v). Analogously, DY = ¢, (D). Obviously, MY =, (M,)
and Mg = o5 (v). O

Using the hyperharmonics 7% = ¢4, (v) and DY, = go,,(@w) associated
with the basis {p,(z)},ecq*, we can construct generalized Heisenberg—
Weyl operators and quantum hyperharmonic analysis of quantum signals
and spectra.

The “time”-shift and “frequency”-shift operators together acting on
spaces Sig, and Sp, induce the following pair of sets of the Heisenberg—
Weyl operators:

~

HW, = {E(”’“) = MVTY = ov(Mz)pg (v) |V eQ, ve Q} ,

T r—x

HW,, := {E&v,m — MDY = 5z ()¢ (Du) [v e, ve Q} .

They act on Sig, and Sp, by the following rules:
v f(w) = (MYTLS) (@) = (@) f (@ B ),

M P () = (ﬁgﬁ;p) (W) = o (V) Flw @ v).

Obviously,
Fo {E0V 1)} =2, ()8 F(w)

T—w
and

3,.0_1 {gfjv")F(w)} - Spu(v)gg/,v)f(x).

w—T

Now we construct two sets of symmetric Heisenberg—Weyl operators:

SHW, = {20 = l/2(v)p, (Va)py, (v)|v € 0%, € 0},

SHW,, = {8&””] :¢,1/2(v)<p/3v\[w (U)@V(Dw)‘u €N ve Q}
These operators satisfy the following composition laws:
BB = () Bl o

ELVIEL) = o2 ()R ()L )

and the “commutation” relations



22

24 Generalized Weyl quantizations

Let us consider the linear quantum spaces Sig; and Sp; of quantum
signals f and quantum spectra F respectlvely The inner product can

be defined by (fi|f2) := (flfQ), (Fy|Fy) = Tr(FlFT). It is easy to
check that
I~ ~t o\ T
Tr [a—:g:vvl (&) } — 5(wB V)5 B ), (40)
o] (el V] f / /
Tr | &l (ewv ) = S(v oo V). (41)

The families {gg/,v] d {a[ff ’V]} form two quora in
[v,v]€QXQ*

}[V,U]GQ*XQ
quantum spaces. For this reason, any quantum signal f € Sig; and
quantum spectra F' € Sp; can be written as follows:

f:QCFx{AW[f]} op{Aw / / AW[f](v, 0) el dp(v)du (o),

veQd* veQ
(12)
F o= er’w{AW[F]} (43)
~ op{awlsl}
- / /AW[F](U,V)EB)’V]dﬂ(v)dﬂ(y)'
vEQ vEN*

Using (40) and (41), one can invert (42) and (43) as follows:

AWLf1040) = 95 (AWLF]) = sym(F) = T | F (E)' |

AW[F](v,v) = QF 7 {AW[F]} = Sym{F} = Tr [ﬁ (E}gvvl)T] . (45)

The transformations (42) and (45) are called the generalized quantum
Fourier transforms.

EXAMPLE 5 In this example we consider the Weyl quantization on a
finite cyclic group Q = QF = Z/p, where p is a prime integer. In this
case,

gl

!

= T e = ST MYTY =
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r vV r v

Il

Q)

SN
[\o}

For this reason, the map

=z {ams} =oplaws] = 3 3 AW, 02l =
VET pvEL [p

v v

=Y 3 AWfv)e e’

VEZL [pvEL[p 0 1

(16)
is the discrete quantum Fourier transform associated with the cyclic
group Z.

2.5 Generalized quantum convolutions

For the product of two quantum signals ]? and g we have

fa= / / AW[f](v, v)ELI AW [g] (v, 0 ) EV N dpu(v, v)du(V, dv') =
(vyv) (V')

/ (AWL/] @ AW[g] ) (w. 2) Bl dp(w)dz =
(w,x)
QF, {AW(f] ® AW[g]} = Op {AW[f] ® AW[g]} .

where the expression
(AWLf) ® AWIg)) (w, @) = 957 {Fg} = sym{fg} =

FT(v,0)GT(w & v,z Bv)@ /> ()l > (0 )du(v)dv  (47)

(vv)
is called the generalized twisted signal convolution. Analogously,
FG = / / AW[F) (v, v)ELVIAW[F)(v/ 0L dp(v)dv dp(v')dv' =

(v,v) (v V)
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/ (AWIFIXAW(G] ) (2, w) €L “lda dp(w) =
(z,w)
0F,, {AW[F] % AW[G]} = Op {AW[F|*AW|[G]},

where

(AW[F] % AW[G)) (z,w) := QFSHEFGY = sym {ﬁa} -

/ AW[F) (v, ) AW[G)(z B v,w 6 1) /> (0)@L2 (' )dv du(v)  (48)
(o)

is called the generalized twisted spectral convolution.
According to the Pontryagin duality principle we can define the gen-
eralized quantum convolution of quantum signals by

f®§ := Op{AW[f]AW[g]} = QF () {AW[f]AW ]},

where

AW[f](v, v) AW [g][v, v] =
T 15 Fan NN v,v t
sym{Feg) = 95, (Feg) = 1 | (T 3) (e2) |
1 1
and the generalized quantum convolution of quantum spectra by
FkG = op{AW[F]AW[G]} - Q?W{AW[F]AW[G]},

where
AW[F](v,v)AW[G][v,v] =

sym {ﬁ*é} =97, ! {ﬁ‘f@} =Tr [(ﬁ*é) (8&”’”])1 .

THEOREM 4 The quantum generalized convolutions and quantum gen-
eralized Fourier transforms are related by the expressions:

0F, {AW[f] ® AW[g]} = fg, QF, {AW[F]kAW[G]} = FG,

and

07, {F@ g} = AWlf)(v.v) AWlg][v, 0],

03,1 { FxG} = AWIF| (v, 0) AW(G][v, o]
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3. Conclusion

In this paper we have examined the idea of generalized shift operators
associated with an arbitrary orthogonal transform and generalized linear
and nonlinear convolutions based on these generalized shift operators.
Such operators allow one to unify and generalize the majority of known
methods and tools of signal processing based on the classical Fourier
transform for generalized classical and quantum signal theories.
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