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Abstract  This paper present a new approach to the Color Fourier Transformation.
Color image processing is investigated in this paper using an algebraic
approach based on triplet (color) numbers. In the algebraic approach,
each image color pixel is considered not as a 3D vector, but as a triplet
(color) number. The so-called orthounitary transforms are introduced
and used for color image processing. These transforms are similar to
a fast orthogonal and unitary transforms. Simulations using the color
Wavelet-Haar-Prometheus transforms on color image compression have
also been performed.
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1. Introduction

Fourier analysis based on orthogonal and unitary transforms plays
an important role in digital image processing. Transforms, notably the
classical discrete Fourier transform, are extensively used in digital image
filtering and in power spectrum estimation. Other Fourier transforms—
e.g., the discrete cosine/sine transforms, wavelet transforms—are often
employed in digital image compression. All the above-mentioned trans-
forms are used in digital grey-level image processing. However, in re-
cent years an increasing interest in color processing has been observed.
Our approach to color image processing is in using so-called color triplet
numbers [1]-[7] for color images and to operate directly on three-channel
(RGB-valued) images as on single-channel triplet-valued images. In the
classical approach every color is associated to a point of the 3D color
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RGB vector space. In our approach, each image color pixel is considered
not as a 3D RGB vector, but as a triplet (color) number.

A natural question that arises in our approach is the definition of
color (RGB-channel) transforms that can be used efficiently in edge
detection and digital image compression. The so-called orthounitary
(triplet-valued or color-valued) Fourier transforms are introduced and
are used for color image processing. These transforms are similar to fast
orthogonal and unitary transforms. Therefore, fast algorithms for their
computation can be easily constructed. Simulations of application of
color transforms to color image compression have also been performed.
The main contributions of this paper are: a) the definition and analysis
of properties of the orthounitary (color) Fourier transforms (in partic-
ular, color Wavelet-Haar-Prometheus transforms); b) showing that the
triplet (color) algebra can be used to solve color image processing prob-
lems in a natural and effective manner.

2. Color images

The aim of this section is to present algebraic models of the subjective
perceptual color space. The color representation we are using is based
on Young’s theory (1802), asserting that any color can be visually repro-
duced by a proper combination of three colors, referred to as primary
colors. The color image appears on the retina as a 3D vector-valued
((R, G, B)-valued) function

feo(x) = (fR(X), fa(x), fB(X)> = fr(x)ir + fc(X)ic + fB(x)iB,

where fr(x) = [, s° (x, ) Hr(N)dA, fa(x) = [, s (x, \)Hg(N)dA, and
fB(x) = [, s (x,\)Hg(\)dA, s°”(x, \) is the color spectrum received
from the object, Hr(\), Hp(\), Hr()\) are three photoreceptor (cone
or sensor) sensitivity functions, A is the wavelength and ig := (1,0,0),
i = (0,1,0), ig := (0,0,1).

In our approach, each image color pixel is considered not as a 3D
RGB vector, but as a triplet number in the following two forms (see
[1] in this bOOk): fcol(x) = fR(X)lcol + fG(X)Ecol + fB(X)Ezola fcol(x) =
fru(X)er + fon(x)Ecn, where €3 = 1. The first and the second expres-
sions are called the As(R|1,eco, ezol)— and A3z (R, C)- representations of
color image, respectively. Numbers of the form C = z + yeq + 262,
are called the triplet, 3-cycle, or color numbers. Every color num-
ber € = z + ye' 4 2¢? is a linear combination € = x + ye! + 2e2 =
aper + zonEcon = (ap, zon) of the “scalar” aj,ep, and “complex” parts
zcnEcp in the idempotent basis {e;,, Ecp}. Real numbers aj, € R we
will call intensity (luminance) numbers, and complex numbers z¢), =
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b+ jc € C are called the chromaticity numbers. Thus fi,(x) is a
real-valued (grey-level) image and foy, is a complex-valued (chromatic-
valued) image.

A 2D discrete color image can be defined as a 2D array f., :=
[fe0r (1, j)]f}szl ie., as a 2D discrete A§-valued function in one of the
following forms f.,(i,j) : Z% — ALY(1,e',€2), fuli,j) : Z% —
AFY R, C), (i,j) € Z%. Here, every color pixel f.,(i,j) at position
(i,7) is a color number of the type

fcol(i7j) = fr(%]) + fg(ivj)sl + fb(i7j)€2

or of the type

fcol(iuj) = flu(i7j)elu + fCh(iaj)ECh'

The set of all such images forms N2D Greaves-Hilbert space ]L(Z?V,
AP = (AFHY = RV 1+ RV el + RV'e? = RV e, + CV'Egy, =
RV @ CNQ, where RN21, RNQz-:l, RN?22 are real N2D Hilbert spaces of
red, green, and blue images, respectively, R ? is the N2D real space of
gray-level images, and CV * is the N2D complex space of chromaticity
images.

N2 N?

A color linear operator £op : (A:C)f’l) — (A§°l) , Loplfeol] =
F.y is said to be orthounitary if £ 5 = £5p. Orthounitary operators
preserve scalar product (.|.) and form orthounitary group transforms
QU(A$"). This group is isomorphic to the direct sum of orthogonal and
unitary groups O(R)e;, + U(C)E¢y, and every element has the represen-
tation £op = Ozpeyy + UspEcp, where Ozp € O(R) and Usp € U(C)
are orthogonal and unitary transforms, respectively. For color image pro-
cessing we shall use separable 2D transforms. The orthounitary trans-
form Lop[feei] = Feor is called separable if it can be represented as F ., =
Loplfeot] = Lip[feot]Map, ie. Lop = L£1p @ Myp is the tensor product
of two 1D orthounitary transforms of the form £op = £1p ® £1p =
(01 ® Og)ep, + (U @ Ug)Ep, where O1, 09 and Uy, Uy are 1D orthog-
onal and unitary transforms, respectively. Thus, we can obtain any
orthounitary transform, using any two pairs of orthogonal O1, Os and
unitary transforms Uy, Us. In this work we shall use one pair of orthog-
onal and unitary transforms where O; = Oy = O and U; = Uy = U. In
this case we obtain a wide family of orthounitary transforms of the form
Lop = (O ® O)eyy, + (U ® U)E,y, using different 1D orthogonal trans-
forms. In this work we shall use the more simple orthounitary trans-
forms £ =0 - e, + U-E¢p, with U = O - diag(zo, 21, ..., 2n-1), where
diag(zo, 21, . ..,2n—1) is a diagonal matrix of chromatic (complex) num-
bers. In this case we have £ = O-ej, + O -diag(zo, 21,...,28v-1) - Ecp =
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O-diag(@o, Ci,y..n, GN,l), where G := ley,+2Ech, k=0,1,...,N—1,
are color (triplet) numbers. Hence, our orthounitary transforms are rep-
resented as the product of an orthogonal transform O and a triplet-
valued (color) diagonal matrix diag(Cp,Ci,...,Cn_1). A large num-
ber of orthounitary transforms can be devised by appropriate choice
of the orthogonal transform O and the diagonal transform parameters

Co,C1,...,CNn_1.

3. Color Wavelet-Haar-Prometheus transforms

One of the aims of this paper is to define three-channel transforms
(the so-called color Fourier transforms) that could eventually be used
in digital color image compression. We have experimented with the
so-called color Wavelet-Haar WHan, color Wavelet-Haar-Prometheus
WHPyn, Wavelet-Haar-Hartley WHH3n, and Wavelet-Haar-Hartley-
Prometheus WHHP3n, transforms [8]-[9].

Orthogonal and unitary Wavelet-Haar and Wavelet-Haar-Prometheus
transforms have the factorizations: WHPo» = WHor Agn, WHPor =
Wg‘fgn Agn, and

n o
WHgn = H |:(12n1® FQ) ©® Ign_gni+1:| 5 (1)
=1
n o
WHan = H [(127”@ F2) & I2n—2ni+1] ) (2)
=1

respectively, where

Iani ® [1 1]
Iani ® [1 - ].]

o

o .

I2n7i & []. - wg]

are the generalized tensor products of the identity matrix Iyn—: with

1 1 1 ws] w1 1771
ey L g B g | R

spectively. Here, ¢ = g, F5 is the classical Walsh transform and Fy
is the complex ws-deformed Walsh transform, where w3y = Y1 = e2mi/3
and Agn is a diagonal matrix, whose diagonal elements form the Shapiro
(£1)-sequence. If a = (aq,9,...,q,) is the binary representation of
the number of the ath row of Agn, where o; € Zs, then for diago-
nal elements A, , we have the expression A, o = (—1)2?:711 ¥i%+1_ The
quantity b(a) = 32" ey 1 is the number of occurrences of the digi-
tal block B = (11) in the binary representation (o, s, ...,ay,) of the
number a.
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Using two pairs (WHan, WHon) and (WHP2n, WHPan) of fast or-
thogonal and unitary Haar-Wavelet transforms (1-2), we construct 1D
color Wavelet-Haar and Wavelet-Haar-Prometheus 2"-point fast trans-
forms as

m]fjgn == WHQn'elu+Wf}(2n'ECh == <H |: IQn z® 32 @Ign on— 1+1:|> 3
=1
(3)

WHPgn = WHonAgn = (WHPQn - €1y + WHPgn - E0h> Agn =

- <ﬁ [(IQn_ié $2) @ IQnQn_MD Agn, (4)

i=1
where §o =Fy - ey + T - Ecp, =

(R R e B R e

We see that the color Haar-Wavelet transform has the same fast algo-
rithm as the orthogonal and unitary transforms in Eqs. (1). Note that
the product of £ with a color pixel f.,; = (fr, fa, fB) = frR1+fae' + fpe?
is realized without multiplications as the right shift of color components
efer = e(fr, fa. fB) = e(fR1 + fae' + fpe?) = (fBl + fre' + fpe?) =
(fB, frs fc)- In this case the situation is the same as for Number Theo-
retical Transforms.

The next example of color (orthounitary) Haar-like wavelet transforms
is based on Haar-Hartley Hs (3 x 3)-transforms. Using these transforms
we construct an “elementary” three-point color transform of the follow-
ing form in the A3(R, C)-algebra: H%3 = Hs ey, + F3 - Eqp, =

11 1 1 1 1 1

1
— |1 h1 hy |ew+—=| 1 hiwi how? | Egp =
\/§ 1 hQ h1 ] \/5 1 hgwé h1w§
R 1] L[ 11 1
— 1 h1€1 h252 = —F= 1 hl h2 51 ) (5)
\/§ 1 h2€1 h152 ] \/§ 1 hQ h1 52
where hy = cas (23”) = cos ( )—I—sm ( ) ho = cas (2g2) = cos (%)—I—

sin (232) and wi := cis (&) = cos (& ) +isin (%), w3 = cis (352) =

cos (2”2) 44 sin (27§2) We use the orthogonal and unitary Wavelet-Haar-
Hartley and Wavelet-Haar-Hartley-Prometheus 3"-point transforms that
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fOHOW: WHP3n = WHgnA3n7 W:}C:Pgn = W:}C3nA3n7 and

n o
WH3n = H l:(Ignz(g) F3) @ I3n_3ni+l:| 5 (6)
=1
n o
WJ‘C3n = H |:(I3n—z® ?3) D I3n2n—i+1:| 5 (7)
=1

respectively, where

o [I3.-®11 1 ] o (L@l wi Wi
Ign-i®@ Fz= I3n7i®[1 h1 hg] y, Ign-i® F3= 13n7i® 1 hlw:)l) h2w§
_Ign—i@[l ho hl] _13n7i® 1 hgw% hlwé

are the generalized tensor products of the identity matrix Is.—: with

R R 1
Hy=— |1 hy ho and Hz=—= |1 hwi how? |,
V311 hy Iy V31 gl hyw

respectively, and Agn is a diagonal matrix whose diagonal elements form
the 3-point Shapiro ws-sequence. If o = (e, aa,...,qy,) is the 3-ary
representation of the number in the ath row of Az, where o; € Zlg, then
for diagonal elements A, , we have the expression A, o, = wgzi:l it

Using these fast orthogonal and unitary Wavelet-Haar-Hartley-Pro-
metheus transforms (6-7) we construct 1D fast color Wavelet-Haar-Hart-

ley-Prometheus 3"-point transforms by 2095, = WH3n Agn and

n [¢]
WHyn = <H |:(I3ni® HF3) @ I3n_3ni+1:|> , (8)
=1
where $F3 is the color 3-point Hartley transform (5).
4. Edge detection and compression of color
images

One of the primary applications of this work could be in edge detection
and color image compression. For edge detection, we convolve the color
(3 x 3)-masks m.y(%,j) with a color image f,.,(i,j) of size N x N :

Fa.5) = D mealk,Deo(i—k,j—1).
(,5)€Z3,

We use color Prewitt’s-like masks for detection of horizontal, vertical,
and diagonal edges. As entries instead of real numbers these masks have
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Figure 1.  Color edge detector. Left: original image, right: detected edges.

triplet numbers:

1 € g2 1 0 -1
mf =1 0 0 o0, m{,=|e 0 — |,
-1 —e —£2 e2 0 —e?
€ g2 0 0 1 €
m =11 0 2|, mfP=|-1 0 &
0 -1 -—¢ —& —€2 0

The effect of the masks in homogenous and nonhomogenous color regions
differs substantially. Let us analyze both cases in detail. At any position
(i,7) of a homogenous color region after convolution we get

[ ] (R
b= | iR |- | ST | =0,
fél +fé'2 +f11%3 fg’l +f82 +f1:§33
since, for all 9 pixels we have fcloll = fcl(?l = fcl(f’l = fgoll = fCQOQl = fgo?’l =
fg’(}l = fg’fl = fgo?’l = color const = C. For horizontal nonhomogenous
color regions we have fcloll = fcl(?l = f(}o?’l =(C = alluelu + bfzihEch, and

31 _ p32 _ £33 _ _ 2 2 _
£, =5 =1 =Cy=ajep, + 25 E.,. Hence, f.,;, =

11 12 1 1 2 1 2
5 + f]1:32 + f(fi %1 H f]:% + f%i allu al2u

TR TR T | TR T T | T e | T e | T B
s T/ T Ik B Tl + 1k ag, ag,

Fig. 1 shows the result of color edge detection.

We have performed a number of simulations on the use of orthouni-
tary transforms in the area of color image compression. We have exper-
imented both with 2™ x 2™ and 3™ x 3"-pixel images by using 2HVyn,
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WHP3n, and WHPy., WHP3» transforms. Figures 2-3 illustrate the
WHP3. and WHPy., WHP3» transforms of the color image “BA-
BOON?” after the first iterations of the fast algorithms of these transfor-
mations. Examples of 2D color histrograms of chromaticity planes for
different spectrums are shown in Fig. 4.

Figure 2. Left: original “BABOON” image, right: wavelet spectrum of “BABOON”
after the first iterations of 20HP;n .

5. Conclusion

A system of color-valued 2D basis functions has been defined in this
paper. This system can be used to obtain color orthounitary Fourier
transforms and series analyses of color images. Properties of the color
Fourier transforms are presented. It is shown that such color series have
properties similar to the classical orthogonal Fourier series. A family
of discrete color orthounitary 2D Fourier transforms has also been pre-
sented that can be used in color image compression. In particular, the
color Wavelet-Haar-Prometheus transforms are defined and used to ob-
tain the color Wavelet-Haar-Prometheus series.

The analysis presented in this paper provides a very general frame-
work for the definition of other multicolor transforms based on multiplet
hypercomplex numbers. The derivation of such multicolor transforms
is the subject of ongoing research. The motivation of this ongoing re-
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Figure 3.  Wavelet spectrum of “BABOON?” after the first iterations. Left: WHan
right: 2093n.

Figure 4.  Examples of 2D histograms of the chromaticity plane. From top to bottom
from left to right: original “BABOON” image, WHj3 spectrum, 20)3 spectrum,
2HP, spectrum.

search is to define multicolor transforms that can be used efficiently in
multicolor satellite image compression.
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