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Abstract In this paper we develop a new unified approach to the so-called gener-
alized Fourier-Clifford-Prometheus sequences, transforms (FCPTs) and
M-channel Filter Banks. It is based on a new generalized FCPT-gen-
erating construction. This construction has a rich algebraic structure
that supports a wide range of fast algorithms.
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1. Introduction

The basis which has come to be known as the Prometheus Orthonor-
mal Set (PONS) was introduced in [1] to prove the H.S. SHAPIRO global
uncertainty principle conjecture. Each function in PONS is called a
Golay-Shapiro sequence. They are defined on [0, 1], piecewise +1 and
can change sign only at points of the form j5/2", j = 0,1,...,2" — 1,
n = 1,2,.... These basis functions satisfy almost all standard proper-
ties of the Walsh functions. Discrete classical Fourier-Prometheus Trans-
forms (FPT) in bases of different Golay-Shapiro sequences can be used in
many signal processing applications: multiresolution by discrete orthog-
onal wavelet decomposition, digital audio, digital video broadcasting,
communication systems (Orthogonal Frequency Division Multiplexing,
Multi-Code Code-Division Multiple Access), radar, and cryptographic
systems.

Golay-Shapiro (GS) 2-complementary (£1)-valued sequences associ-
ated with the cyclic group Zs were introduced by SHAPIRO and GOLAY
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in 1949-1951 [2]-[7]. In 1961, Golay [3] gave an explicit construction
for binary Golay complementary pairs of length 2™ and later noted [4]
that the construction implies the existence of at least 2™m!/2 binary
Golay sequences of this length. They are known to exist for all lengths
N = 2%10°26", where «, 3,7 are integers and «, 3,7 > 0 [8], but do
not exist for any length N having a prime factor congruent to 3 modulo
4 [9]. BuUDISIN [10] using the earlier work of SivaAswamy [11], gave a
more general recursive construction for Golay complementary pairs and
showed that the set of all binary Golay complementary pairs of length 2™
obtainable from it concides with those given explicitly by Golay [3]. For
a survey of results on nonbinary Golay Complementary pairs, see [12]—
[13]. Recently, DAvis and JEDWAB [14], combining results appearing in
the work of Golay and Shapiro cited above, gave an explicit description
of a large class of Golay complementary sequences in terms of certain
cosets of the first order Reed-Muller codes. The following general ele-
ments are used for building the classical Fourier-Prometheus transforms
in bases of classical Golay-Shapiro sequences: 1) the Abelian group Z%,
2) the 2-point Fourier transform Fy, and 3) the complex field C; i.e.,
these transforms are associated with the triple (Z%, s, C).

The multiresolution analysis (MRA) operates upon a discrete signal
x(l) of length 2", where n is an integer. The sequence z(1) is convolved
with two filters L and H. Each convolution results in a sequence half the
length of the original sequence. The result from the convolution with
the low-pass filter is again transformed. Each re-transformed sequence
of the low-pass output is referred to as a dilation. For a sequence z({) of
length 2", a maximum of n dilations can be performed. MRA applied
to a real-valued sequence z(l) is defined recursively by the equations:

P () = L{c@*l)(n}, P — H{c@*l)(l)},

where p=n,n—1,...,1,0, ¢"(I) = z(l), and
m—1

e(l) = (La)(t) = 3 hp(l — 2k)a(),
=0

2n—1

d() = (Ha)(1) = 3 knyll — 2k)a(1)
=0

are low-pass and high-pass filters, respectively.

The sequences ¢?)(I) and d)(1) are called the “averages” and “dif-
ferences” of the original signal. The inverse discrete wavelet transform
reconstructs ¢ (1) = z(1) using the recursive algorithm

APy = L P (1)} + H*{dP (1)},
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where L* and H* are the inverse filters of L and H, respectively. All fil-
ters L, H, and L*, H*, satisfy the following equation LL* =1, HH* =
I, and

LL*+HH*=2I, LH*=H'L=0, (1)

where I and 0 denote the identity and zero operators. Note that a pair of
filters having these properties required of the transformations L and H
are known as quadrature mirror filters, having the perfect reconstruction
property.

The conditions (1) can be rewritten in terms of the Z-transform as

i (2)* + lknp(2)I* = 2, kip(2)kip(—2) + Enp(2)knp(=2) =0, Vz €Ty

where T is the unit circle of the complex field C. These conditions mean
that impulse responses ki,(l) and kpp(l) form a Golay-Shapiro (GS) 2-
complementary pair.

In this paper we develop a new unified approach to the so-called
generalized Fourier-Clifford-Prometheus (FCP) sequences, FCP trans-
forms (FCPTs), and M-channel Filter Banks. We describe the precise
theoretical and computational relationship between M-band wavelets,
M-channel filterbanks and generalized Golay-Shapiro sequences. The
approach is based on a new generalized FCPT-generating construction.
This construction has a rich algebraic structure that supports a wide
range of fast algorithms. This construction is associated not with the

triple (Zg,?g, C), but rather with other groups instead of Z%, other

unitary transforms instead of F, and other algebras (Clifford algebras)
instead of the complex field C.

2. New construction of classical and
multiparametric Prometheus transforms

We begin by describing the original Golay 2-complementary (+1)-
valued sequences.

DEFINITION 1 Let p(t) := (po, p1,---,Pn-1), d(t) := (g0, q1,---,aN-1),
where p;, q; € {£1}. The sequences p(t),q(t) are called a 2-complemen-
tary (£1)-valued or Golay complementary pair over {£1} if

CORJp, p|(7) + CORJ[q, q](7) = N&(7),
p(2)]> +la(2)? =N, VzeTy,

where CORJf, f](7) is the periodic correlation function of f(t); p(z) and
q(z) are Z-transforms of p(t) and q(t), respectively. Any sequence which
is a member of a Golay complementary pair is called a Golay sequence.



The Fourler Prometheus matrix of depth n has size 2" x 2™ : FPon =
[Pro(t))% i t- For a and t we shall use binary representations a = Afp| =

(1,00, .. 0n), t =t 1= (t1,t2,...,t,), where ay,t; € {0,1}, i =
1,2,...,n. Obviously, ap) = (a1), apg = (041,042), apg) = (a1,9,03), ...
t[l] = (t1), t[g} = (tl,tQ) t[n (t1,t2,..., ), .... For this reason,
[ Pr(,0,..0,0) (15 -+ tn) |
Proo,...00 (1, tn)
Pro,..1,0 (1, tn)
Pr( ) tn)

" e P t
2 ng(a[ o) = : I'OO, L1,1) ty, s bn EHQ 1_q |: r(a[nfl],(])( ):|

app—1)=0 Pr(a[n—l]J)(t) ’

where Prq, . 0)(t) and Pr(o,,_, 1)(t) are a pair of GS 2-complementary
sequences and H represents the vertical concatenation of matrices.
The classical matrix FPon is formed by starting with the (2 x 2)-

. 21 o Pro(t) o 1 1 . .
matrix © FP = [ Pro(t) | ~ |1 -1 and by repeated application
of the PONS-iteration construction to pairs of rows in the matrix.
In the (n 4 1)st iteration this construction takes each pair [ 2 } =

[ Pria,,_1,0)(t) } of
Pr(a[n,l],l)(t)

2 n—1 (a n—1 70)
FJ @ Qan B ! [ F - }
( [n—1]> ) . 1]:0 r(a[nfl]’l) (t)

and constructs four rows of twice the length

p q
poNspa = || <[ 2 d]a] 3 2]
-q —P
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where {T%}! _ are dyadic shifts. Using this construction for all 2%~2
complementary pairs (a_g = 0,1,... ,2F=2 1), we obtain

gntl _ n_ P o7
S-rd:])(O‘[n]7o‘n+1) - %{i]:; (9:2 |: q :| T2 )

Pr(a 0)(t) ‘
= EHQn*l ?2 [n—1]»
afn)=0 ( ‘Pr(a[n_u,l)(t)

Repetition of this construction yields the Fourier-Prometheus matrix
NFP of size 271 x 2741,

Our new PONS construction uses in (2) three parametric unitary
matrices

T2°“”> (@)

i(8+7) i(B—7) &
R i

eii(ﬁf'Y) sin © _efi(ﬂ‘i"Y) CoS

instead of ¥y :

ant1 3 = = 2n—1
(f{]ﬂ(a[n] ,anﬂ)(ﬂnﬂa Bnt1s Tnt1) = Eﬂa[n]zo (u(ﬂnJrl, Pnt1,Yn+1)

§ [ Pr(a[niu,o)(t‘ﬁna(ﬁm’?n) ‘ Tgak)a (3)

‘ Pr(a[n_l],l) (t‘ﬁna ()Bna ’771)

where

Bn+1 - (ﬁlu [ 7/BTL+1)7 6714»1 - (3017' .. 780n+1)7 7TL+1 - (’Yl,- .. 7’Yn+1)

are three (n + 1)D vectors of parameters. Extra parameters [, ok, Yk
(k=1,2,...,n+ 1) are changed from stage to stage in this construc-
tion. The resulting matrix still has orthogonal rows and every pair is
2-complementary in the Golay-Shapiro sense.

3. PONS associated with Abelian groups
3.1 Abelian groups Z%,

A natural generalization of a 2-complementary Golay pair is an V-
complementary Golay N-member orthogonal set of Clifford-valued se-
quences po(t), ..., pn—1(t), where t =0,1,..., N™ — 1.

DEFINITION 2 Let po(t), p1(t),...,pn—1(t) be an N-member orthogo-

nal set of Clifford-valued sequences, where p;(t) € {ek N}, en =
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e2™/N ¢ @Qla, Cla is a Clifford algebra, and u is an appropriate bivec-
tor with the property u?> = —1. The sequences {pi(t)}i]if)l are called

N-complementary {sﬂg\,}é\f:_ol—valued sequences of length N™ if
COR[po, pol(7) + - .. + COR[pN-1, PN-1](T) = N"0(7),

or [po(2)* + [p1(2)]* + ... + [pn-1(2)]* = N*, Vz € Ty, where pi(2)
are Z-transforms of p;(t), i =0,1,..., N — 1, respectively.

Let, for example, N = 3. Then for the group Zs we define the Fourier-
Clifford-Prometheus transform as the Fourier-Clifford transform

L L Pro(t) 1 1 1
YFeP:=3FC=| Pri(t) | = |1 e3 &3
Pro(t) 1 &2 &

For the group Z2 we define the Fourier-Clifford-Prometheus transform
using the classical PONS-construction (2) by

) Pro(t)
P FCPay 0 = B2, o | FCs Pry (1) T
PI‘Q(t)
(11 1 171 1 1 ]
1 e3 €3 1 e3 &3
1 &3 &3 1 e e3
111 11 1
= 1 &3 5§ 1 e3 5%
1 &5 e3 1 5§ €3
11 1 11 1
1 e3 5§ 1 &3 5%
i 1 5§ es || 1 5% €3 ]
(1 01 11 ey 2|1 &2 e [ Proog®) ]

1 1 1 |e3 €3 1 |&3 e3 1 Pr1)(t)
1 1 1 | 1 e3]|eg 1 &2 Pr(o2)(t)
1 &5 e3|1 1 1 ]1 &3 &3 Pr(10)(t)

=l e 1|1 1 1 |eg 3 1 = | Pra®) |,
e3 1 |1 1 1| 1 &3 Pr(1.9)(t)
1 €3 8:2)) 1 8:2)) €3 1 1 1 Pr(270)(t)
e3 e3 1 |3 e 1|1 1 1 Priy1(t)

[ 63 1 ezfes 1 3|1 1 1 | [ Progy(t)

where {T1}2 _ are 3-cyclic shift operators. After n + 1 iterations we
obtain the following Fourier-Clifford-Prometheus transform on the group
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n+1 .
VAR

3n+1

FeP -1 (g6

An) ,Oln+1) = EH
afn) =0

Pri, 0()
* Pr(a[n71]71)(t) Téln>
Pr(a[n,l] ,2) (t)

The same expression is true for the Fourier-Clifford-Prometheus trans-
form on the group Z%; :

N gep, — @ (gey

An]On
] +1) Ot[n]:o

Pria, 0

Pr(a 1) (t)
[n—1]> ”
* - TX‘,),

Pr(a[n_l] 7]V—l) (t)

where FCy is the Fourier-Clifford transform on the group Zy,

{Ta1 }N—l

a1=0

are N-cyclic shift operators.

3.2 Abelian groups Zn, ®Zn, D ... D Zn,,

Let Zn, ®ZN, ®...®Zy, be an Abelian group, where Ny, Na, ..., N,
are positive integers. The classical Fourier-Prometheus transforms are
generated by the Fourier-Walsh transform Fy and by dyadic shifts. Fou-
rier-Clifford-Prometheus transforms associated with Z7%; are generated
by the Fourier-Clifford transform FCp of the group Zy and by N-ary
shifts. We shall generate new Fourier-Clifford-Prometheus transforms
associated with Abelian groups Zy, ® Zy, ® ... ® Zn, ® Zy,,,, by us-
ing the set of Fourier-Clifford transforms 3Cy, , ¥Cn;,,...,FCnN,,FCxN, .
For example, the group Zo®Z3®Z,4 requires three Fourier-Clifford trans-
forms

1 1 L 1 il iQ 23

Fo = |, Fs=|1 e e |, Fu= S
1 -1 5 1 e 1 €

1 &5 e3 3 2 1

1 &) €7 g



Let us consider the group Zo @ Zs. FCPy, = FCy = Pro(t) =
Prl(t)
i _} . We define the Fourier-Clifford-Prometheus transform asso-

ciated with the Abelian group Z, ® Zs by using the classical PONS
construction

2SFCP oy am)

X Pr (0,00, (t)
=H FCs3 PI‘((al’l) ,(t) TSO‘1 ,

a1=0

where ((aq, 52))2 := (a1, 52) mod 2. Therefore,

(1 1 1 171 1 i
1 e3 &% 1 -1
1 e ¢ 11
FCP23 = = I 1 1 I 1
1 e3 f-:g 1 -1
i 1 e e3||1 -1 |
[ 1 1]1 —-111 1] [ Pro,0)(t) ]
1 1]les &3 g sg Pr 1) (t)
_ |2 l|les —es|e3 €3 | _ Pr(m)(t) . (4)
1 1|1 11 -1 Pqu(Q
5% —5% 1 1 g3 —¢&3 Pr(l,l)(t)
_53 —E3 1 1 8?») —8?») i L Pl"(lg)(t) 1

We design Fourier-Clifford-Prometheus transforms associated with
the Abelian groups Zy, ©Zn, ®...®Zy,_ , by the same classical PONS
construction

NIn+1]
gje:P(O‘[n]O‘HJrl)
[ Pr(a[n—1]7<0>1\7n)

_ mNIrl—1 . o
=H ?GN"H B TNZH
) =0

Pr(@t("*l),(NnJrrUNn)

where Fy, ,, is the Fourier-Clifford transform on the group Zy;, ., (o +
Bri1)nt1 = (an + Bug1) mod Npyq, Q] = (a1, ,... 7an)7 NI =
NiNy--- Nna (a[n}aﬁn-i-l) = (ala <o Qn, 571-{-1)7 and, hence,

<(a[n]7ﬁn+l)>n = (0417 cee 7anaﬁn+l) mod Nn
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4. Fast Fourier-Prometheus Transforms
4.1 Radix-2 Fast Transforms

Let us return to the Fourier-Clifford-Prometheus transform

i PI‘(070) (t) 1 1 ‘ 1 -1
Pri1) (1) 1 1]-1 1

_ (0,1)
TP = Pr(10)(t) 11 1
Pr(l,l) (t) — 1 1 1

= Aol (F2 ® F2)Ag, (5)

where Ay := diag(Pro(t)) = diag(Pr,(0)) is a diagonal matrix and
114 is a special permutation matrix. From this expression we see that
Prometheus functions up to constant factor are modulated Walsh func-
tions:

Pr’(a1,a2)(t1,t2) = (—1)*192 Wal(ahw)(tl’t2)(_1)t1t2 ’

where (—1)*2 and (—1)"%2 are the so-called Shapiro multipliers, and
Wal (g, o) (t1,t2) = (—1)*11129282 The same result is true in the gen-
eral case for the Fourier-Clifford-Prometheus (2" x 2™)-transform FPon =
Apllgn (FoRFo® -+ - @ Fo)Ag, where IIgn is a special permutation matrix
and Ag=diag(Pro(t)) =diag(Pr,(0)) is the diagonal matrix whose diag-
onal elements form the Shapiro (+1)-multipliers. If o = (a1, ag,. .., ap)
is the binary representation of the number in the ath row of Ag, where
«; € Zg, then for diagonal elements A, , we have the expression A, o, =
(—1)2?;11 @it1 The quantity b(e) = Y77 aja;y1 is the number of
occurrences of the block B = (11) in the binary representation of «,
(a1, @9,...,ap). For this reason the Fourier-Clifford-Prometheus trans-
form has the Cooley-Tukey fast algorithm

FPon = Agllon [CTgnCTgn . Cng] Ao, (6)

where CTQin =0b®..0F®...01 fori=1,2,...,n are the so-called
Cooley-Tukey sparse matrices.
Now we can prove that an analogous result is true for Davis-Jedwab

Clifford-valued sequences. Let MCyn = {5]2“,1}2};61 be the multiplicative
cyclic group of 2"th roots of unity and e,r be a 2"th primitive root in a
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Clifford algebra Cla. Let (c1,c2,...,¢n) € Z3), = Zon © Zon © ... © Zgn,
be an nD vector of parameters over Zgn, where Zg), is a set of nD vectors
(labels). Let

. 1 ek 1 1 1
3"62(52’2):_[1 _6%,’3]—[1 _1H Eck}, k=1,2,....n,

2h 2h
(7)
be a set of (2 x 2)-matrices. Then the tensor product of these matrices

?@T@gécnl’cgw"cn) = Agllgn (952(632) X 952(5;%) R ® 352(652)>A0 (8)

gives us new multi-parametric Fourier-Prometheus transforms with fast
Cooley-Tukey algorithm:

FEPDIG ") = Agllyn | CTH (5 )CTH (e51) -+ CT3 (55) | Ao, (9)
where CTfn(sg’,i) = |:_[2 ®...0FER)®.. . @hL|,and k=1,2,...,n.

4.2 Radix-N Fourier-Prometheus transforms

Let us consider the case of Z2. In this case FCP32 = Aglly(F3R@F3) Ao,
where Ag = diag{Pr (g, (t1,t2)} = diag{Pr(;, 1,)(0,0)} and Ily is a spe-
cial permutation matrix. From this expression we see that Prometheus
functions up to constant factor are modulated Chrestenson-Clifford se-
quences (i.e., Clifford-valued characters of the group Z3):

PI"(ah(m) (tl, tg) == Pr(al,ag) (O, 0) |:Ch(oq,a2) (tl, tg) . PI‘(070) (tl, tg)}

_ a1a2 tite | _ _aiag | _ai1ti®aaatz tite
=¢&3 |:Ch(a1,a2)(t17t2)€3 } = &3 |:€3 &3 }7

where
Pr(4; a0)(0,0) = €51
PI'(()’()) (tl, tg) = E?tQ,
and

Ch(al,al)(tla tg) = E?ltl@gagtg.
For this reason, this Fourier-Clifford Prometheus transform has the Coo-
ley-Tukey fast algorithm FPs> = Aolly [CTgl : CTQQ] Ao, where CT} =
F3 ® I3, C’T92 = I3 ® F3. The same result is true in the general case for

Fourier-Clifford-Prometheus (3" x 3")-transforms

FPyn = AoTlan (9'3 RF - ® 93) Ap=AglTzn [CTgn CT2, .- CTL| Ao,
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where CT?fn =01K)..0F;3®...013fori=1,2,...,n are the so-called
Cooley-Tukey sparse matrices. Now we are ready to write the analogous
expression for Fourier-Clifford-Prometheus (N" x N")-transforms

ff:PNn:AoﬂNn<?N®?N®“'®?N>AO

— Aollyn [CT}WCTfW . CT]\}n] Ao, (10)

where Cvan =IN®..QQFN®...® Iy for : = 1,2,...,n are the
so-called Cooley-Tukey sparse matrices. The same result is true in the
general case for the Fourier-Clifford-Prometheus (N x N[)-transform

FPyin = Apllyn <?N1 QIN, ® -+ ® EFNn)AO

= AOHNR [CT]{[[n] CT]%[[TL] te CT]%[n]i| AO; (1]‘)

where Ag := diag(Pro(t)) = diag(Pr,(0)) is a diagonal matrix and
IIny» a permutation matrix, and C’T]’V[n] =Iy®..0FN,®...0 1IN,
for i = 1,2,...,n are the so-called Cooley-Tukey sparse matrices.

5. Conclusions

We have shown how Clifford algebras can be used to formulate a new
unified approach to so-called generalized Fourier-Clifford-Prometheus
transforms. It is based on a new generalized FCPT-generating con-
struction. This construction has a rich algebraic structure that supports
a wide range of fast algorithms. This construction is associated not with

the triple (Zg, Fo, C), but rather with other groups instead of Z%, other

unitary transforms instead of Fa, and other algebras (Clifford algebras)
instead of the complex field C.
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